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I'maBa 1

JlnnaeitHble mpocTpaHcTBA

1.1 Omnpenesenne JuHeiiHOro NpoCTpPaHCTBA

SAJIAYA 1. B kaxux u3 cAeOyOUWUT CAYHAES YKA3GHHbIE ONEPAYUY Ha MHodcecmae X onpedeservl
u 3adarom cmpyxmypy sunetinozo npocmparcmesa rad nosem K:

1.

10.

11.

12.

K =R, X — noaynaockocms x = 0, onepayuy, CA0HCEHUA U YMHONCEHUA HA HUCAL CTNAH-
dapmnwie (m.e. noxoopdunammwie);

K =R, X — mnootcecmso 6exmopos 6 mpermeprom npocmpaHcmee, 8uTOOAUUT U3 HAYAAA
KOOPOUHAM, KOHUDBL KOMOPHLT AEHCAM, HA 3G0GHHOT NAOCKOCTMAU; ONEPAUUL CMAHIGPMHbLE;

K =R, X — mHootcecmeo 6eKmMopos Ha nAockocmu, 6ce KoopOUHAMbL KOMOPHLL N0 MOOYA0
He NPEGOCTO0AM OUHUUDL, ONEPAUUL CTNAHIADMHDLE;

K=Q, X =R; onepayuu cmardapmmoie;
K =R, X = (0,+00), onepayuu crodcernun + u YMHONCEHUA HA “UCAA - 360Nl BOPMYALMU

utv =uv, Nu=u; (1.1)

K=C, X — mnootcecmeo HEHYAECBBIT KOMNACKCHOIT “YUCEN; ONEPAUUL CTNAHIAPMHbBLE;

K npoussosvrnoe, X — mnootcecmeo muozounrenos nad K cmenenu n, 2de n € N — nexomopoe
PUKCUPOBAHHOE YUCAO; ONEPAUUL CMAHIAPTHDLE;

K npoussoavroe, X — mHootcecmeo mHozousenos nad K cmenenu e sviwe Hexkomopozo guk-
cuposarrozo n € N; onepayuu cmandapmmoie;

K npoussoavhoe, X — mnoocecmeo scex mnozousenos Had K; onepayuu cmandapmmovie;

K npoussonvroe, X — mmnoorcecmeo ecexr mampuy c aaremernmamu u3 K pazmepa n X m;
onepayuy cmandapmmuie;

K =R, X — muooicecmeo 6cex HENPEPLIEHBIT GYHKUUT HA HEKOMOPOM OMPE3KE; ONEPAtUL
cmandapmmoie;

K=Q, X ={a+0b/2|a,beQ}, onepayuu cmandapmmvie?
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1.1. Omnpenesernne JIMHEHHOTO MPOCTPAHCTBA )

Pemienne.

1. Honynnockocth X He dABJFETCS JUHEHHBIM ITPOCTPAHCTBOM OTHOCUTEIHLHO CTAHIAPTHBIX Olle-
palnii, ITOCKOJIbKY He dBJIEeTCs JaxKe abesIeBoil IPyIIIIoii 110 CJA0XKEHHIO: €C/I HEHYJIEBO BEKTOP
v, He JIEXKAIIWI Ha OCU OPJINHAT, COJIEP:KUTCA B X, TO BEKTOP MPOTUBOIIOIOXKHBIN €My BEKTOD
—v He colep:KUTCA B X.

2. Ecmm miockocrb X He TPOXOJIUT Yepe3 HAva 10 KOOP/IMHAT, TO OHA He COJIEPYKUT HadaJ1a KOOP/IH-
HaT, KOTOPOE ABJSETCS TPUBHAJIBHBIM 3JEMEHTOM OTHOCHTEIHBHO IMOKOOPJIAMHATHO OIpEae/TEH-
HOTO CJIOYKEHUsI, U TIOTOMY HeE fABJISIeTCs JUHEHHBIM ITPOCTPAHCTBOM. [IycTh Tereph II0CKOCTH
X TpOXOoauT Yepe3 HadaJI0 KOOPJWHAT; TOrJIa OHa 3a/IaéTCd YpaBHEHNEM BHIA

Az + By + Cz =0, (1.2)

rie koaddunuenter A, B u C' 0THOBpeMEHHO He 0OpaIaioTces B Hysb. Ecim rouka P = (xg, Yo, 20)
YZOBJIETBOPsieT ypaBHeHuto (1.2), 7o 1 obpaTHast eif OTHOCUTEIBHO CJOXKEHHs TOUKa (—To, —Yo, —20)
TOXKe yI0BJIeTBOpseT ypasHenuio (1.2). B cuity jmHeliHOCTH cyMMa JIIOOBIX JIBYX DEIeHuit 9T0ro
yPaBHEHUSI TOXKE SBJIAETCA €ro PelIeHrueM. ACCONMATHBHOCTh ¥ KOMMYTATUBHOCTD CJIOXKEHIS
BBITEKAIOT U3 aCCOIMATUBHOCTH M KOMMYTATUBHOCTH CJIOYKEHUS JeHCTBUTENbHBIX dnces. [o-
sToMy X ABJIsIeTCs abeJIeBOi TPYIIIOi OTHOCUTEIHHO MOKOOPAMHATHOTO ciaoxkenus. CBoiicTBa
aCCOIMATUBHOCTH U yHUTAPHOCTH YMHOKEHHIA Ha YUCJIa U JUCTPUOYTUBHOCTD TAKXKE BBITEKAIOT

U3 CBOWCTB JIEHCTBUTENLHBIX YUCE]I, HOCKOJIbKY onepanui B X OIpeIeeHbl ITOKOOPIMHATHO.
Takum 06pa3oM, eciIn IIOCKOCTh X IPOXOAUT 4epe3 Havaslo KOOPAMHAT, CTAHIAPTHLIE OIlepa-
UK TIPEBPAIIAIOT €€ B JIMHEHHOEe POCTPAHCTERO.

3. MHOKeCTBO BEKTOPOB Ha IIJIOCKOCTH, BCE KOOD/MHATHI KOTOPBIX O MOJLYJIIO HE IPEBOCXOIAT
e/IMHUIIBI, He SBJISIeTCH JIMHEHHBIM IIPOCTPAHCTBOM, IIOCKOJIBKY OIEPAIHs ITOKOOD/HHATHOIO
CJIOXKEHUs BBIBOJIUT 3a ero npejessl: Hanpumep, (1,1) 4+ (0,1) = (1,2).

4. MuoxkectBo R sgBjgeTcd JIMHEHHBIM TPOCTPAHCTBOM HAJ MMojieM R co cTaHapTHBIMU Ollepa-
[USIMU; IO3TOMY, OHO $IBJISIETCsI JIMHEHHBIM [IPOCTPAHCTBOM ¥ HAJI JIOOBIM ero mojmnoseM (u, B
gacraoctu, Has Q). eiicrBurenbHo, oneparys cIoyKeHus: Ha X He UCIOJIB3YeT CBOWCTB IO-
JIsd, & eCJIM CBOMCTBA aCCOIUATUBHOCTU M JIUCTPUOYTUBHOCTHU BBIIIOJHEHBI /IS BCEX 9JIEMEHTOB
OOJIBIIIErO TI0JIsI, TO OHHM BBIIIOJIHEHBI U JIJIsi BCEX 3JIEMEHTOB JII0O0OI'0 €ro IOIMHOXKECTBA.

5. Pacemorpum tenepp muoxkectBo X = (0,400) ¢ OmeparysiMu, OIPEIeICHHBIMI (DOPMYJIa-
mu (1.1). TlockosibKy mpomsBejieHUe JBYX IIOJIOKUTETHHBIX UUCE]T MOJIOKUTEIHHO U ITPOU3-
BOJIbHAs CTEIEHD JTI0O0TO IMOJIO2KUTE/IHHOTO YUC/Ia TAKYKE TOJIOKUTEIbHA, OIIePAaIliN OIlpe/Ie Te-
HBbI KOPPEKTHO. B CHUJIy KOMMYTAQTUBHOCTH U aCCOIIMATUBHOCTU YMHO2KCHUA rZLeI'?'ICTBI/ITeJ'IbeIX
quCes1, Ollepanis + KOMMYTaTHBHA I ACCOIMATHBHA, a TPUBHAILHBIM 3JIEMEHTOM JIId Heé fB-
nserca 1 € R. Takum obpazoM, naTepBaid X dABiISeTCA abeIeBOH TPYIION OTHOCHTENIHHO .
Boeibepem mpousBosibibie A, g € R u mpousBosibHyIo TOUKy u € X; Torjaa

X(piu) = N = () = o™ = (),

T.€. YMHO2KE€HIE Ha YUCJIa aCCOITMATUBHO. yHI/ITapHOCTb 3TOM oIepanun o4eBuaHa: 1'u = ul = Uu.

OcraJjioch MPOBEPUTH JAUCTPUOYTUBHOCTD: IIYCTh A, (i — ITPOU3BOJIbHBIE CKAJISPHI, & U, U — IIPO-
U3BOJIbHBIE TOUKM MHOXKecTBa X . Torma

A+ p)ou = M = vk = ot = NuFptu,  XN(udo) = (w) = utot = Nud .



6 I'maBa 1. Jluneitnbple npocTpancTBa

Takum 0bpaszoM, 1oyOecKOHeUHbI nHTEpBaa X ABJISETCS JIMHEHHBIM IPOCTPAHCTBOM HaJl
nosieM R ornocuressao oneparuit (1.1).

6. MHO>XKecTBO HEHYJIEBbIX KOMIIJIEKCHBIX YUCeJT HE ABJIACTCA JUHERTHBIM IIPOCTPaHCTBOM HaJ I10-
JIEM (C, ITOCKOJIbKY HE COAEP2KUT TPUBUAJILHOI'O 3JIEMEHTA OTHOCUTEJIbHO CJIO2KECHUN A (T.e. HyJIH).

7. MHO)KecTBO MHOIOWIeHOB (DUKCHPOBAHHOI (HEHYJIEBOIT) CTEIeHN TOXKe He SBJISETCS TMHEHHBIM
[IPOCTPAHCTBOM OTHOCUTEJILHO CTAHJAPTHBIX OIEpaIluii, TOCKOJIbKY, HAIIPUMED, HE COJEPKUT
HYJIS.

8. Ilycrs K, [t] — MHO)KeCTBO Beex MHOrOWIEHOB ¢ Koadbdurmentamu 3 noJist K crernenn He Bbiie
n. TpUBHAIILHBIM 3JIEMEHTOM OTHOCUTEIBHO CIIOYKEHUS ABJdeTcs MHOrowieH (), oOpaTHbIM —
MHOTOYJIEH C IPOTHBOIIOJIOKHBIMU 110 3HaKy Ko3dduimentamu. KoMmyTraruBHOCTE, accoru-
ATUBHOCTDb M JUCTPUOYTUBHOCTH CTAHJAPTHBIX OIEPAIMl CJACAYIOT U3 aHAJOTMIHBIX CBOHCTB
17151 971eMeHTOoB ocHoBHOTO 1oJtst K. Takum obpasom, K, [¢] sBiisiercst TMHEHAHBIM TPOCTPAHCTBOM
OTHOCHTEJILHO CTaHJIAPTHBIX OIEPAIlNii.

9. Muozxkecrso K[t] Bcex maOrowienos ¢ koadgdunuentamu u3 nosst K Toxke sBIIseTCs JIHHEHHBIM
IPOCTPAHCTBOM OTHOCHTEIHHO CTAHIAPTHBIX OllepaIiil (AHAJOTHIHO IPEIbIILYIEMY IPIMEpY ).

10. MuoxkectBo Mat, «,, (K) Bcex marpury pasmepa n X m ¢ saeMentamu u3 1noJst K roxe siBis-
eTCsd JIMHEHHBIM ITPOCTPAHCTBOM OTHOCUTEIHHO CTaHIAPTHBIX OIEPAITUil, TTOCKOJIBKY CJI0XKEHHUE
MaTpUIl 1 YMHO2KCHHE MaTPHUIl Ha CKaJIAPbI IIOKOOPANHATHO, TPUBUAJIbHBIM 3JIEMEHTOM II0 CJIO-
JKEHUIO sIBJISIETCSI MATPHUIIA, COCTOSINAs TOJIBKO 13 HyJIeil, a oOpaTHbIM K MaTpuie A — MaTpuiia

—A.

11. PaccmoTpum Tenepb MHOYKECTBO BCEX BelecTBeHHO3HAYHBIX dyHKIwmit Cla, b], HenmpephIBHBIX
Ha HeKoTopoM orpeske [a,b] C R. IlockoabKy omeparmu ciioxkenus: GyHKINH 1 yMHOKEHUS
GDYHKIUN HA YUCJIO OINPEJIe/IEHbI IIOTOYEYHO, BBIIOJHEHNE CBOWCTB aCcCOIMATHBHOCTUA, KOMMY-
TaTUBHOCTU U UCTPUOYTUBHOCTH OYEBUIHO. T PUBUAIHHBIM 3JIEMEHTOM TIO CJIOZKEHUIO SABJISIET-
Cs TOXKJIECTBEHHBIN HYJIb, T.€. (DYHKIINS, IPUHUMAIOIIAs JIUIIH HyJIeBble 3HAUEHUST, 8 00PaATHBIM
K dyukiun f — pyuknus — f, npuHIMaIONas B KaxK/10fl TOUYKe ITPOTUBOIIOJIOKHOE 110 3HAKY
snadenne. Takum obpasom, Cla,b| sBisiercst IUHEHHBIM TPOCTPAHCTBOM OTHOCHTEIHHO CTaH-
JAapPTHBIX Ollepaliuii.

12. TlockosbKy MHOXKeCTBO X sIBJISIETCSI ITOAMHOXKECTBOM MHOXKECTBa, JEHICTBUTE/ILHBIX YHCEN, a
BBeﬂéHHbIe Ha HEM OHepa]_[I/H/I - CTaH,ZLapTHbIe, CBOICTBa aCCOI_H/IE%TI/IBHOCTI/I7 KOMMYTaTI/IBHOCTI/I
n ILHCTpH6YTHBHOCTH BBIIIOJTHEHBI aBTOMATHNYECKU. TpI/IBI/IaJ[beIM JIEMEHTOM IIO CJIOZKEHUIO
asigerca 0+ 0 - \/5, a 00OpaTHBIM K 3JIEMEHTY a + b2 — snement —a — byv/2. O

1.2 JluneiiHas 3aBUCUMOCTD
BAIAYA 2. Kakum ycaosusm 0oastcen Yyoosaemeopamy ckarap x, wmobwv. sexmopu (0, z, —1), (x,0,1)
u (1, —1,7) us R3 6vuau aunetino sasucumv? Kaxum 6ydem omeem na 9mom sice 6onpoc npu 3amene

R3 na Q37

Pernenne.



1.2. Jlunetinas 3aBUCUMOCTD 7

BanuireM KOOPAMHATHI TPEX 3aJaHHBIX BEKTOPOB IO CTPOKAM B MaTPHILY; ITOCKOJBKY CTPOKH
MaTpHUIlbI JIMHENHO 3aBUCHUMbI TOr'/la 1 TOJILKO TOI'/la, KOT'/Jla OHa BBIPOXKJ/JICHA, JOCTATOYHO BBIYUCJINTD
€€ ompene/InTehb:

0 =z -1
det | = 0 1 | =—2+20=2(2-2%.
1 -1 =«

TaxuM 06pa3oM, 3a1aHHbIE BEKTOPBI JIMHEHO 3aBHCHMEI, ecn © = 0 min ¢ = +4/2.

OmHaKo, ec/m 3aMeHuTD JuHeitnoe mpoctpanctso R? na Q3, orseT m3MenuTcs; neiicTBUTEIBHO, B
STOM CJIyHdae HAC MHTEPECYIOT JNIIb BEKTOPHI C PAIMOHAILHBIMI KOOPANHATAMHE, & IpH & = ++/2 i
OJIMH U3 TPEX 3a/IaHHBIX BEKTOPOB HE IIPUHA/JIE?KUT PACCMaTPUBACMOMY JIMHEITHOMY IPOCTPAHCTBY.

Taxkum obpasoM, B ciaydae mnpocrpancTtsa QF 3ajanHble BEKTOPHI JIMHEHHO 3aBUCHMBI JIMIIL IIPH
z=0.0

BAIAYA 3. Hccaedosamv Ha AUNETHYI0 3a6UCUMOCTD CALOYIOULUE CUCTNEMbL BEULECTNEEHHOSHAYHIT
pynryud (n > 0):

2 n.
1. 1,z,z%,..., 2",
T 2z nT .
2. 1,e",e*, ..., e™;
3. Lilnz,In2x, ..., Innx.

Pernenne.

1. ITpexnosoxkun, uto cucreMma dbyHkumit 1, x, 2%, ..., 2™ quHeino 3aBucuMa. JTO O3HAUAET, UTO
HAyTCAd TaKWe YUCIa g, A1, . - - , Gy, HE BCE U3 KOTOPBIX HYJIEBbIE, YTO

ao.1+a1.x+a2.x2+...+an.xn:O’

pUYIeM B IIPaBO 9acTU MOC/IeTHEI0 PABEHCTBA CTOUT HyJeBast (DyHKINs, T.e. (PYHKIUs, TIPU-
HUMAIOIIAsl JINITh HYJIeBble 3HaYeHnd. Takum oOpa3oM, MHOTOYIEH g + a X + - -+ + a,x™ 0b-
palaercss B HyJIb B JIFOOOII TOUKe, YTO HEBO3MOXKHO B CIJIy TeopeMbl Be3dy. 3Haunt, mcxoaHast
cucreMa (pyHKIUH JTUHEHHO HE3aBUCHMA.

2. Ilpeamonozkum, 4o cucrema dbynkmuit 1, e, e**, ... "™ jnuHeiiHo 3aBUCHMA, T.€. YTO CyIle-

CTBYIOT TaKUe YUCa dg, A1, - . ., Oy, HE BCE U3 KOTOPHIX HYJIEBbIE, UTO
ap-l4a;-e“+ay-e*+---+a, e =0.

[TockosibKy 9TO PaBEeHCTBO JIOJXKHO OBITH BBITIOJHEHO B KaXKJI0# TOYKE, B YaCTHOCTH, OHO BbI-
moJtHeHO B Toukax 0, 1,2, ..., n. DTO 03HATAET, UTO UMEET MECTO CJIeIYIOIasd CUCTEMA PABEHCTB:

ap+ay+ay+---+a, =0
ag + aje + aze® + -+ ape” =0
ap + a1€? + age + - + ae* =0 (1.3)

2
ap + are” + aze®™ + -+ ane™ = 0.



8 I'maBa 1. Jluneitnbple npocTpancTBa

B marpuyunOM BHjE 3Ty cHCTeMy JMHEHHBIX ypaBHEHUN Ha HEM3BECTHBIE Qg, 1, . . ., A, MOYXKHO
MEPEINNCATH CJIEIYIONIM 00Pa3oM:

11 e Qo 0

1 e € ... e a 0

1 e2 et ... e as _ 0
2

1 em e ... e ay, 0

Ho, kak n3BecTHO, JTUHETHAST OHOPO/IHAS CUCTEMa NMeeT HEHYJIEBOe PeIeHne JINIIb eCJIH Olpe-
JIEJTUTE]Ib COOTBETCTBYIONIEH MATPUIlbl KO3 MUITMEHTOB paBeH HyJ0. Takum obpas3om,

11 R |
1 e € ... e
O=det| 1 € et ... €en | = H (e — &™),
' - 0<i<j<n
1 en e ... e

[IOCKOJILKY TOT OIPEETUTEb ABJIAETC YaCTHBIM CIydaeM onpeenuresis Bangepyona (em. [1],
CTD. 84). Jlerko BUeTh, 9TO B 1IOJJOOHOM IIPOU3BE/IEHUN BCE CKOOKM OTJIMYIHBI OT HYJIS, T.€. HAII
OIpeJIe/INTeb He PaBeH HyJIio U cucteMa, (1.3) He mMeeT HeTPUBHATIBHBIX permenuii. Takum 06-
pa3oM, paccMaTpuBaeMasi CUcTeMa, (DYHKIIHH JIMHEITHO He3aBUCHUMA.

3. Paccmorpum tenepn cucremy dbynkmumii 1, Inz,In 2z, ... Innx. [lockonrbky
Innr=Inn+Inxr=Inn-1+Inz,

npu JoboM n > 1, mocieaHss u3 (pYHKIUNE JUHEHHO BBIPAyKaeTCd depe3 MepBble JBe. DTO
O3HAYAeT, YTO BC cuUcTeMa (PYHKIUN CONEPYKUT JUHEHHO 3aBUCUMYIO IOJCUCTEMY U ITOTOMY
JimHetHo 3aBucuMa. Ecim n = 1, To paccMarpuBaeMas cucTeMa JIMHEHHO He3aBUCUMAa, (DY HKITU S
1 mocrognna, a yHKIUA Inx HEMOCTOAHHA U, CJIEJIOBATEJILHO, HU OJIHA U3 HUX HE MOYKET
JINHEIHO BBIparKaThCs dYepes3 Apyryio. [

BAJAUA 4. Hatimu pane u waxyro-nubydv 6a3y credyroweti cucmempl 6eKmopos:
v =(1,2,—-1,5), wvy=(2,1,1,1), wv3=1(0,1,—-1,3), vy =(1,1,0,2)

Pemnennue.

g HaxoxKjienust 0a3bl CHCTEMBI BEKTOPOB HEOOXO/IMMO BHIOPATH KaKyIO-HUOYIb MAKCUMAJILHYIO
JIMHEITHO HE3aBUCUMYIO ITOJICUCTEMY 3aJIaHHOM CUCTEMbI BEKTOPOB, T.€. JUHEHHO HE3aBUCHUMbBIC BEK-
TOPBI IMEHHO U3 YHCJa 33J@HHBIX. J[JIsT 9TOro JOCTATOYHO 3ammcaTh X KOODAWHATHI B MaTPUILY
10 CTOJIONAM U IMPUBECTH MOJIYUEHHYIO MATPUILy K cryrendaTromy Buiy. CBoOOHBIE CTOOIBI TIOCTIE
9TOTO OYJIyT JIMHEITHO BhIpaXKaThCs depe3 ryiaBHuble. Ho pu sjieMeHTapHbIX Tpeodpa3oBaHusIx cmpok
MaTPHIbI COXPAHAIOTCH JIMHEWHBIE COOTHOIIEHUA MKy €€ cmoabyamu. Takum obpa3om, cTOOIBI
HCXOJTHOM MaTPUIIBI OY/IyT CBA3AHBI TEMHU K€ COOTHOIIEHUSIME, 9TO U CTOJIOIBI TPUBEIEHHON. 3HAYNT,
B KauecTBe 0a3bl MOXKHO B3sTh BEKTOPBI UCXOTHOM MATPHIIBI, CTOSIIIE HA MECTaX TVIABHBIX CTOJIOIOB
MIPUBEJIEHHON MaTPHUIIBI.
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anuiieM KOOPJMHATHI 33/[AHHBIX BEKTOPOB B MATPHUILY 110 CTOJIOIAM U MPUBEIEM €€ K CTYyIIeH-
4aToOMYy BUJLY:

12 01 1 2 0 1 12 01
21 11 0 -3 1 -1 03 —1 1
11 10| {o 3 -1 1| {00 o0
51 3 2 0 -9 3 -3 00 00

MEPBBIIl 1 BTOPO# CTOJIOIBI €1, €5 MOJIYIeHHOW MATPHUIIHI IBJIAIOTCA TJIABHBIMU. SHAYHAT, PAHT UCXO/I-
HOl CHCTEeMBbI BEKTOPOB paBeH 2, a B KadecTBe 06a3bl MOYKHO BBIOPATH, HAIIPUMED, BEKTOPHI U] U Us.

0

1.3 basuc, pasamMepHOCTb, KOOPAMHATHI

SAIAYA 5. Ilposepumn, umo cucmema 6eKmMopos
er =(1,0,3), ex=(-5,3,1), e3=(—1,1,2)

aeaaemcea basucom 6 npocmparncmee R? u natimu xoopdurnamv. eexmopa v = (1,—1,2) 6 amom
basuce.

Pemienne.

JL1st TOro, YTOOBI IIPOBEPUTH, UTO CHCTEMa BEKTOPOB SABJIAETCsS 06a3MCOM IIPOCTPAHCTBA, Pa3Mep-
HOCTh KOTOPOI'O OYEBHU/IHA, JOCTATOYHO II0Ka3aTh, YTO OHA MMEeT MaKCHMAaJIbHBII pPaHT, T.e. 9TO
MaTpHIla, COCTaBJICHHAs U3 KOOPJIUHAT 3TUX BEKTOPOB, HEBBIpOKIeHA. HO, TTOCKO/IBKY Hallla 3a/a4a
COCTOUT HE TOJBKO B 3TOM, MbI OY/IeM JIeiCTBOBATH I1O-APYTOMY, & JUHEHHYI0 HE3aBUCHMOCTD ITPOBE-
puUM B Xojie perreHus. [IpemnonoKumM, 9T1o BEKTOp v MPEJICTaBIIeTCA B BUJIE JUHEHHON KOMOUHAIIT
BEKTOPOB €1, €3 U €3: U = X161 + Toey + T3e3. DTO 03HATAET, UTO UMEET MECTO CJIEIYIONIee BEKTOPHOE
PaBEHCTBO:

1 1 -5 -1
—1 = T 0 +ZL‘2 3 —I—Jfg 1 s
2 3 1 2

KOTOpPOE€ B MaTPpUIHOM BHJIE MOXKET OBITD Hepernncano CJIey oM 06pa30M:

1 T 1 -5 -1
-1 =C| z9 |, tHRe C=1|(0 3 1
p 3 3 1 2

Haxons obparnyio marpuiy C ™1, momyudaem:

) 1 -5 -9 2 1 8
o |=C' [ =1 |=| =3 =5 1 -1 | = 4
T3 2 9 16 -3 2 —13

OxkasaJjiock, aro MaTpuiia C' obparuMa, T.e. HEBBIPOXKIEHA, YTO NOBOPUT O JIMHEHHON HE3aBUCUMOCTH
3aJIAHHBIX BEKTOPOB (TIOCKOJIBKY TI0 €€ CTOJIONAM 3alliCaHbl KOOPJMHATHI 9TUX BEKTOPOB). DTO O3HA-
YaeT, YTo OHM JleficTBUTebHO 06pasyioT Gazuc B R3. A Haiijiennble Hamu KoopauHatThl (8,4, —13)
SIBJIATOTCSA KOOP/IMHATAMK BEKTOpa v B 3TOoM basuce. [
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BAAYA 6. Joxasamv, wmo mmozouaerv, 1,t—1,(t—1)2, (t—1)3 obpasyrom 6asuc 6 npocmpancmee

mrozounernos Ralt] u natimu xoopounamor mrozounena p(t) = t3 — 2t? + 5t — 1 6 amom 6asuce.

Pemenue.
HOKa}KeM, 9TO 3aJaHHbIC MHOT'OYJICHDBI HI/IHGfIHO HEe3aBUCUMBI. Hpe,[[HOJIO)KHM HpOTI/IBHOQ, T.€. 9TO
CYIIECTBYET TaKue YUcCja g, a1, ds, 43, CPEIU KOTOPLIX €CTh HEHYJIeBbIe, YTO

Qo —|— CLl(t — 1) + ag(t — 1)2 + ag(t — 1)3 = 0
(nze B paBoii YaCTH CTOUT HYJIEBOI MHOrOWIeH). PackpbiBas CKOOKH, TIOJTydaeM PABEHCTBO
a3t3 + (CLQ — 3(13)t2 + (a1 — 2&2 + 3(13)t + ((Z() —ay +as — ag) = 0;

HO MHOTOYJIEH TOXKJIECTBEHHO PaBeH HYJIIO JIUIIh eCJIU BCe ero KoddduimenTs Hysiesbe. [losTomy,
B 4yacTHOCTH, a3 = (; OTCIofa ¥ W3 paBeHCTBa HY/0 KoadduimenTa 11pu t2 ciaeryer, 9Tto as; = 0.
[Ipomoskast 3T0 paccyzKaeHue, MoaydaeM, 91o a; = ag = (0. 3Ha4uT, 38 1aHHbIe MHOTOUIEHbI JTUHET-
HO HesaBucuMbl. OHE 00pa3yoT 6a3uc, MOCKOILKY coryiacHo dopmyite Teitopa, 060 MHOTOWIEH
CTelleHN He BbINe 3 MOYKHO IPEJICTaBUTh B BUJle UX JnHeiiHoit komOuuarmu. Ilonb3ysck dopmyoit
Teitiopa, mosydaem:

P e P0G gy _ 3 - 1) (- 12+ (6 — 1P,

p(t) =p(1) +p/(1)(t —1) +
T.e. MHOTOWJIEH p uMeeT Koopaunatel (3,4,1,1) B Gasuce {1,¢ — 1, (t — 1), (t — 1)3}. O

SAIAYA 7. Jlokaszamov, wmo mampuiys

w(3 ) w5 ) e (03) e (1)

obpasyrom 6asuc 6 npocmparcmee Mate(R) sewecmeennvx keadpammuor mampuy nopadka 2, u
HAUMU K0OPOUHAMBL MAMPULDL
15
=(53)

6 amom basuce.

Pemenmne.

Marpunst E;;, tae 1 < 4,5 < 2, y KOTOPBIX Ha (i,])-TOM MeCTe CTOHT €INHUIA, & OCTAJIbHDIE
9JIEMEHTHI — HyJIH, 0bpasytor 6asuc B nmpoctpancTse Mats(R). B sTom 6asuce (pacmosokum b6asuc-
Hble BEKTODBI, HATIPUMED, B TaKoM mopsijke: i1, Fi9, Fo1, Ea) marpuiel M, N, P, Q u A umeror
HaOOPBI KOOPIUHAT

1 8 0 7 1
0 ) 4 1 5
2 | 3 | 1 | 5 " 0
1 1 2 0 2

COOTBETCTBEHHO. Kak M Ipu perieHun 3ajaqu 5, Mbl He OyJIeM OTJEIbHO JOKA3bIBATH, UTO 3a/laH-
HBII HAOOp MaTpuir obpasyer 6asuc B mpocrpancTse Maty(R), a mosryanm 910 momyTHO. 3anucsiBast
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Habopnl koopaunat marpuit M, N, P u () o cronbiam, obpaiias MoaydeHnyo 4 X 4 MaTpuily, u
puMeHsis e€ K Habopy KOOPNHAT MATPHUILl A, mojrydaemM HAOOP KOOP/AUHAT 9TOH MATPUIILI B HOBOM
basuce:

-1

18 07 1 47 31 =72 =98 1 6

0 -2 41 5 | 17 11 —26 —-35 5 | 2 0

2 3 -1 5 0 15 10 =23 -31 0 3|
-1 1 20 2 —-26 —17 40 54 2 -3

BAIAYA 8. Hatumu mampuuy nepexoda om basuca {€], ey, e5} x basucy {€, €y, €5} 6 npocmpancmee
R3, ecau eexmopw, 0boux 6a3ucos 3a0anb, C60UMU KOOPOUHAMAMU 6 HEKOMOPOM 0a3uce:

1 2 3 3 5) 1
=121, ea=3|, e=1T7|, =111, ea:=[21], e3:= 1

1 3 1 4 1 —6
Pemnenwue.

J11s1 HaXOK JIeHIsT MaTPHILBI [Iepexosia ot “craporo” 6asuca {e}, e, €5} k “noomy” 6asucy {ef, €}, e
HEOOXOAMMO OIPeICIUTL KOOPAMHATHI BEKTOPOB HOBOro 6asuca B crapoM; mycts C' u C” — marpu-
bl [Iepexojia OT CTaHJapTHOro Oasmuca {e, ey, ez} (T.e. Gasmca, KOOpAMHATAMU B KOTOPOM 3a/IaHbI
BEKTODPBI) K Oasucam {eq, ey, ez} u {€, e}, €5} coorsercrenno. Torma nepexos or craporo 6asmca K
HOBOMY SIBJIeTCS KOMIIO3UIIHEH IIepexoia OT CTaporo K 6a3nca K CTaHIAPTHOMY U IePexXoa OT CTaH-
JIApPTHOrO 0a3mca K HOBOMY; CTapble KOOPAMHATDHI 3aIllMCHLIBAIOTCA YePe3 CTaHAAPTHLIC KOOPIMHATHI
¢ nomorpio Marpuinl (C)~! a Koop/MHATHI B cTaHIapTHOM Gasuce Yepe3 HOBble KOOPJMHATHI — C
nomonisio C”:

"

/ N — i "
zh | =(C) x|, xe | =C" | 2}
/ "

[TosToMy cTapble KOOPJMHATHI CBsI3aHbl ¢ HOBBIME ¢ TIoMolibio MaTpuiisl (C7)~1C”. 3anuceibas Mar-
purel C' u C” u npoussois apudMeTHIecKnue olepalu Hal HUMHU, [IOJIydaeM TpeOyeMyio MaTpHILy
nepexoja;

~18 7 5 35 1 —27 —71 —41
(cHto” = 5 -2 -1 ]-12 1 |= 9 20 9 |.O
3 -1 -1 41 —6 4 12 8

BATAYA 9. B npocmpancmee MHo20MAEH06 CMENEHY He 6vblle 3 HATmU Mampuyy nepexooa om
basuca {1—t+13 t+12+3 1+ 12 +13, =1+t —t*} x 6asucy {t+1*>— 3, 11> +3, -1+t —12, 1+t —13}.

Pentenwue.
B crangaprnom Gasuce {1,t,t% ¢3} B npocrpancTBe MHOro4IeHOB R3[t] BEKTOPHI JBYX JaHHBIX
6a3UCOB UMEIOT KOOPJAMHATEI

(1,-1,0,1), (0,1,1,1), (1,0,1,1), (=1,1,-1,0)
(0,1,1,-1), (1,0,—1,1), (-1,1,—-1,0), (1,1,0,—1)
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COOTBETCTBEHHO. 3alMChIBad UX 110 CTOIONIAM, HojaydaeM MaTpullsl nepexoga C' u C” or crangapr-
HOro 0as3mca K 33 aHHBIM 0a3MCaM:

1 01 -1 0 1 -1 1

, [ -1 10 1 , 1 0 1

¢ = 011 -1 )" "= 1 -1 -1 0

1 11 0 —1 1 0 —1

AHaJIOFI/ItIHO PELMICHUIO 3a /a9 87 NCKOMOM 6yﬂeT MaTpuiia
-1 -1 0 1 0 1 -1 1 -2 00 =3
-2 -1 1 1 1 0 1 1 -1 -2 0 -4
N —1 " __ . —
()= 3 2 -1 -1 1 -1 -1 0 2 3 0 6 =

1 1 -1 0 —1 1 0 —1 0 21 2

1.4 JluHeiiHBbIE ITOAOPOCTPAHCTBA

BAZIAYA 10. Heasemes au aunetinvim noonpocmparcmeom 6 npocmpancmse Mat, (R) mampuy no-
PAIKA N NOOMHONCECTNBO, 00PA306AHHOE BCEMU!

1. mampuyamu ¢ Hysesol nepsoti cmpokxol;
2. HUHCHEMPEY20AbHBMU MAMPULAMU;
HEBBIPOHCOEHHBIMU MATPUUAMU;

MPEXAUA2OHANDHBMYU MATPUUAMU;

MAMPUYAMU C HYNAEBDIM CAEOOM.

Pemienune.

1. TTockosbKy cymMMa JHOOBIX JBYX MATPHIL C HYJIEBOH 1epBOii CTPOKON M mpoussejeHue Jo0oit
TaKOM MaTpHUIlbl Ha IIPOU3BOJIbBHOE YHUCJIO TOXKE 6y,ILeT HMEThb TaKOI BHJ, IIOAMHO2KECTBO BCEX
MaTPHIL C HYJEBOI IEPBOil CTPOKOI 3aMKHYTO OTHOCUTEIHHO MATPUYIHOI'O CJIOXKEHHUS] U OTHO-
CUTEJIHO YMHOXKEHHS Ha 9HUCJIa, T.e. 00pasyer JIMHEHOe MOMIIPOCTPAHCTBO B IIPOCTPAHCTBE
Mat, (R).

2. MHO}KGCTBO BCE€X HU2KHETPEYT'OJIbHBIX MaTpPUIl TO2KE, O9€BUIHO, 3aMKHYTO OTHOCUTEJIbHO OIIe-
paIfHil CJI0KEHNS MATPUIL I yMHOYKEHNS MATPHUIIB Ha THCIIO U, IOTOMY, TOXKE SIBJISETCS JIMHET-
HBIM To7ITpocTpancTBoM B Mat, (R).

3. MHO}KGCTBO BC€X HEBBIPO2K/ICHHbLIX MaTPHUI[ HE ABJIACTCA JIMHENHBIM IIOAIIPOCTPaHCTBOM, IIO-
CKOJIBKY HE COJEPXKUT HyJICBOIl MaTpHIpl (T.e. He 3aMKHYTO, HAIIPUMEDP, OTHOCHTEIBHO MaT-
PUYIHOTO CJIOYKEHTS )

4. MHOXKeCTBO BCeX TPEXMArOHAIBHBIX MATPUIL sIBJIAETCS JINHEHBIM mojpocTparcTBoM B Mat, (R)
IIOCKOJIBKY CJIO?KCHIE MATPHUI] I YMHOXKCHHUE Ha YUCJIa TPOUCXOJUT IIOKOOPAUHATHO U IIOTOMY
COXpaHdAeT BU/l MATPUIIL.
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5. PaccmoTrpuM npousBoJibabie MATpullbl A 1 B ¢ HYJIEBBIM CJIE0OM U ITPOU3BOJIbHOE Yrcyio A € R.
[Tockosbky

tr(A+ B) =tr(A)+tr(B) =0 u tr(AA) = Atr(A) =0,

MHOKECTBO BCeX Oecc/IieJHbIX MaTPHI] 3aMKHYTO OTHOCHUTEJBHO Olepaluii B JITHEHOM IIPO-
crpancrse Mat,, (R) u, cienoBaresibHO, SBIIS€TCsT €10 MOAITPOCTPaHCTBOM. [

BAIAYA 11. B aunetnom npocmpancmee R, [t] mrozourernos cmenenu ne viwe n 3a0arve nooMHo-
orcecmea, cocmoauue U3 Mro2ouaenos p(t), das Komopwix:

1. p(1) = 0;

p(l) =1;

3p(0) = 2p(1);
p(l—t) =p(l+1);

p(t) =0 nput > 2.

S N

Heasemes au Kaxrcdoe u3 IMUT NOOMHOHCECNE AUHETHbIM nodnpocmpancmeom 6 R, [t]?
Pemienue.

1. Jlerko 3aMeTHTb, YTO yCJIOBHE OOpAIeHHs B HYJIb MHOIOYIEHA B IIPOU3BOJILHON TOUKe (M, B
TACTHOCTH, B TOUKe ¢ = 1) JIMHEHHO 1 TO9TOMY COXPAHSAETCS IIPH CIIOZKEHNI MHOTOYJIEHOB U IIPH
YMHOKEHIH MHOTOYWIEHOB Ha CKasspbl. TakuM oO6pasoM, MHOXKECTBO BCEX IOJMHOIOYIIECHOB,
HMEIOIUX KOPEeHb B TOUKe ¢ = 1, sIBJIAeTCs JIMHEHHBIM HOAIPOCTPAHCTBOM B IPOCTPAHCTBE
muorowienos R, [t]. Cucrema MHOrO4YI€HOB

Lt—1, (t—1)72%...,t—-1"

siBjisieTcst 6asucoM B R, [t]; Bce 9TM MHOrOWIEHBI, KPOME IIE€PBOIO, YJIOBJIETBOPSIOT YCJIOBUIO
p(1) = 0. [TosTomy, paccmaTpuBaeMoe MOAIIPOCTPAHCTBO UMEET PA3MEPHOCTh N, U B KadeCTBe
ero H6azuca MOXHO BIOpaTh Muorowtennt ¢ — 1, (¢ — 1)%, ... (t — 1)™.

2. YcjoBue p(l) =1 He 3aMKHYTO OTHOCHUTEJIbHO CJIOZKEHUA MHOT'OYJIEHOB U IIOTOMY HE BBIJICJIAET
HHUKAKOI'O JINHEHHOI O IIOIIPOCTPaHCTBa.

3. Bammiem Ipou3BONIBHBLT MHOTOWICH p(t) B BUE
p(t) = ag + art + agt? + - - + a,t™;
torga yciaosue 3p(0) = 2p(1) sanucbBaercs: B Bue
3ag =2(ag+ a1+ -+ a,) <= —ag+2a; + -+ 2a, =0, (1.4)

T.€. B BUJIE JIMHEIHOI OJTHOPOJIHON CUCTEMbI Ha HeM3BEeCTHbIE KOIMDUIIMEHTHI ag, A1, - - . , Gy, CO-
crosiieit u3 ofHOrO ypaprenus. Takum obpaszom, yciosue 3p(0) = 2p(1) Bblaessier guHeHHOE
HO/IIPOCTPAHCTBO B npocTpancTse R naGopos K03(hhUIMEHTOB MHOIOU/IEHOB, HOCKOJILKY
€My yJIOBJIETBOPSIOT T€ U TOJIBKO Te HabOPbI KOI(MMHUITUEHTOB, KOTOPbIE SIBJSIOTCS PENIEHUAMI
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JIMHEHON o1HOpOoIHO# cuctembl (1.4). Haiiném Temepb pasMepHOCTb n 6a3UC 9TOrO MOANPO-
crpancTBa. [locrpoum Jijist sroro byHaMeHTaIbHYI0 cucteMy perenuii cucreMbl (1.4); oHa
COCTOUT, HaIIPUMeD, U3 CJIEIYIONINX BEKTOPOB:

2 2 2
1 0 0
01, Ly1,....10
0 0 1

D10 O3HAUYAET, UYTO B KaUecTBe Oas3mca HAIIEro MOJIIPOCTPaHCTBA B R, [t] MOXKHO B3ThH ciieiry-
o1t HabOp MHOT'OYJIEHOB:

24t 2413 2413 2417
[Ipu 3TOM pasMepHOCTH STOrO MOIIPOCTPAHCTBA PaBHA N.

4. Jlerko 3amernuth, uro ycaosue p(1—t) = p(1+t) o3HAYAET CUMMETPUIHOCTH MHOTOUJIEHA OTHO-
curesibHO Touky t = 1. Takoe ycioBue (Kak U CHMMETPUYIHOCTH OTHOCUTENILHO JIFOOOM JIPYTOit
TOYKM) COXPAHSIETCs IPU CJOXKEHUU MHOTOUYJIEHOB U [IPU YMHOYKEHUH WX Ha CKAJIADBI. 110910~
My IOJIMHOXKECTBO B IpocTpaHcTBe R, [t], BbIIeIsIeMOe TaKUM YCIIOBUEM, ABJIAETCS JIMHEHHBIM
noznpocrpanctsoM. Corstacio dopmyne Teitnopa, J1060# MHOTOWIEH MOXKHO Pas3jIOKUTh 110
crerensM t — 1; 970 03HAYAET, YTO CUCTEMA MHOIOUYJICHOB

L, t—1, (-1 (@—-1)"

obpasyer 6azuc B npocrpanctse R, [t]. Cpeau BeKTOpOB 3TOr0 Gasnca HaIIEMy YCJIOBHUIO YJIO-
BJIETBOPSIIOT Te M TOJIBKO Te MHOrouIeHbl Buja (t — 1)¥, nys xortopwix k uérno. Tlokazkem, 4To
OHI 06pa3yIoT 6a3UC PACCMATPUBAEMOrO TIONPOCTPAHCTBA. JIeHCTBUTEIbHO, eC/in HEKOTOPbIi
muorowter p(t) ynosiaersopstet yeaosuio p(1—t) = p(t+1), To ero nepsast npousBoHast (1 Bee
[POU3BO/IHbIE HEYETHOTO MOPsijIKa) yiaoBjeTBopsier yeyopuio p'(1—t) = —p/(14t). A 310 03Ha~
gaer, aro p¥)(1) = 0 npu Beex neudTHLIX k, T.e. B cury dopmyisl Teitopa kKosdbdumuenTH!
pa3J/IoyKeHUs 110 HEeYETHBIM creneHdaM ¢t — 1 OyayT myJsieBbiMu. Takum oOpa3oM, MPOU3BOJIb-
HBII MHOI'OYJIEH, CUMMETPUIHBI OTHOCUTEJIbHO TOYKHU t = 1, JMHEHHO BBbIparkKaeTcs {depes3
MHOrOUIeHB! Buja (t — 1)F, rae k wéTHO, T.e. OHM JeficTBETEILHO 06pas3yloT 6asuc B HameMm
npocTpaHcTBe. PasMepHOCTb 9TOro MojIpPOCTPAHCTBA paBHA Ie/10ii yactn yucaa (n + 2)/2.

5. IMoaMHOXKECTBO MHOTOUJIEHOB, BbIje/sgeMoe yeaoueM p(t) > 0 npu t > 2, He gBJIsieTCs JIMHEN-
HBIM IIOJIITPOCTPAHCTBOM, MTOCKOJIBKY 9TO YCJIOBUE HE COXPAHAETCH IIPU YMHOXKEHUN MHOTOYJIe-
HOB Ha OTpHUIIATE/IbHbIEe Ynca. []

SAIAYA 12. Hatimu 6asuc Aunetinoti 000A04KU CUCMEMDb, 6EKMOPOS:

V1 = (1,0,0,—1), Uy = (2,1,1,0)7 V3 = (1,1,1,1), Vy = (1,2,3,4), Vs = (0,1,273)
Pentenue. Samnuirem KOOpAnHATHI 33 IAHHBIX BEKTOPOB 110 CTPOKAM MaTPHIIbI; ITPUBOJIS IOy I€HHY IO
MaTPHILy K CTYIIEHIATOMY BHILY

1 -1 -1

O~ =N
— N == O
N W = O
W = = O
OO OO
O OO = O
O O = = O
O O =N
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JleJlaeM BBIBOJI, UTO PAHI MCXOJHOI cHCTeMbl BEKTOPOB paBeH 3. B kKadecTBe Oa3nca MOXKHO B3STh,
HallpuMep, HeHYJIEBble BEKTOPbI-CTPOKHU CTYIIEHIATOro Buja. [

SAMEYAHUE 1. 3ajada HaX0XKIeHusI Oa3uca JIMHEIHHO! 000JI0UKH CUCTEMbI BEKTOPOB OT/INIAETCSI OT
3a/a491 HaXO0XKJIEHUs Oa3bl CUCTEMbI BEKTOPOB TE€M, YTO B IIEPBOM CJIydae He TPEOYeTCs MPEIbIBIATD
BEKTOPBI IMEHHO U3 YUCJIA JAHHBIX V1, Vg, . . . , Up. JaCTO B KadecTBe Oa3UCHBIX ObIBaET yj100Hee OpaTh
HE MCXOJIHBbIE BEKTOPBI, B CTPOKHU CTYIIEHIATOT0 BUJIA, MOCKOJIBKY OHH, KaK MPABUJIO, TIPOIIIE.

SAIAYA 13. Hatimu pasmeprocms u 6a3uc 6EKMOPHO20 NPOCMPAHCMEA PeuweHuts 00HopooHot cu-
cmembvt AUHETHBLT YPpasHeHUul:

3ZE1 - 2.%‘2 +5l’3 +4l’4 =0
6[E1 —41‘2 —|—4£L'3 +3l’4 =0
9r1 — 629 + 323 + 224 =0

Pemenue.
BanuieM MaTpUILy 3TOH JTUHEHHOW CUCTEMBI M IPUBEJIEM €€ K CTYNEeHIaTOMY BHUILY:

3 =2 5 4 3 _9 5 4
6 —4 4 3 0 0 6 5
9 -6 3 2

HewusBectublie xo 1 x4 ABIAIOTCA CBOOOHBIMU; IIPUCBAMBAsA UM 3HAUYEHUA To = 3 U x4 = 0, a 3aTeM
BbIpaxkas depe3 HUX IVIaBHble HEM3BECTHBIE, MTOJIyYaeM IE€PBbIil BEKTOP M3 0Oa3uca B MPOCTPAHCTBE
perttennii. [looxkuB x9 = 0 u x4 = 6, aHAJOIUYHO HAXOIUM BTOPOIl BEKTOD U3 Oa3uca MpoCTPAHCTBA
pertieHuii (YMHOXKUB TI0JIyY€HHBI BEKTOP Ha 3, MbI CIEJIAJIN BCE €r0 KOOPIMHATHI 1eJIbIME). Takum
oOpa3oM, IIPOCTPAHCTBO PEIIEeHN pacCcMaTPpUBAEMOil TMHEHHON cucTeMbl JIByMEePHO, 1 BEKTOPHI

(2,3,0,0), (1,0,—15,18)
o0pa3yroT 6a3uc B mpocTpaHcTBe eé perreHuii. [

SAMEYAHUE 2. Ilpu nmocrpoenunn 6asnca B MPOCTPAHCTBE PEIIeHUit JIMHEHHON CUCTEMBI JIJTsT YIIPO-
MIEeHUS BBIYUCIEHUH y100HO0, ITOOBI KOOPJAUHATHI OA3MCHBIX BEKTOPOB MOJIYyYaJUCh HEJTBIMU. JTHM
00yCJIOBJICH Ha TIEPBBII B3IJIAL CTPAHHDIN BBIOOD 3HAYEHUN CBOOOIHBIX HEU3BECTHBIX B PA300PAHHOI
BBIIIIE 3a/1a4€e (eC/I He YIaéTcst BHIOPATh TIaBHbIe HEM3BECTHBIE TaK, YTOOBI KO(hDMUIMEHTHI IPU HUX
OBLIN PABHBIMU €JIMHUIIE, YJ00HO T0JIAaraTh cBOOOHbIE KPATHBIMU STHM KO3(hUIIHEeHTaM ).

[Ipex e weM mepexonuTsb K pa3dopy caeayomeit 3a/1a49m, JJoKayKeM IPoCTyIo Teopemy. 3agady 14
MOXKHO PellaTh pa3HbIMU cIiocobamMu, HO Haubojiee yJIOOHBIM HaM IPEJICTABJSIETCS TOT, KOTOPDI
UCIIOJIB3YET TY TEOPEMY.

TEOPEMA 1. Ilycmv mampuya B cocmoum us sexkmopos-cmoabyos, obpadyrowux 6a3uc 6 npo-
cmpancmee pewenutl aunetnot cucmemv, Ax = 0 (2de x — eexmop). Toz2da aunetinas cucmema
Bly zadaém aunetingio 060404KY 6EKMOPOG-CMPOK. Mampub A.

loka3zaTeabCcTBO.

[TockombKy KazKJiplil CTOJIOEI] MATPUILl B siBjisieTcsi pereHneM JuHeiiHoi cucrembr Ax = 0,
UMeeT MeCTO MaTpHuHoe papeHcTBo AB = (), KoTopoe 3KBuBajeHTHO paseHcTBy B'A' = 0. Taxum
obpazoM, ecyin MaTpuily B! uHTepIpeTupoBaTh Kak MaTpuIly K03 dHUINEHTOB HEeKOTOPOil JTHHeiHO
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cucreMbl, Bee cTobmbl Marpuipl Al (T.e. crpoku maTpuibt A) GyyT eit yaoBaerBopaTh. Jlomycerun,
YTO HEKOTOPBI BEKTOP-CTOJIOEI, He IPUHA/JICXKAIINI JIMHEHONH 000/I109Ke CTOJIOIOB MaTpPHUILbI At,
TozKe yaosyeTsopsger cucreme By = 0. Torma pacemorpum marpuiy C?, KoTopas IIOJIydaeTcd J0-
MIChIBAHNEM K Marpuile A 3Toro crosbiia cipasa; MOJIyUIeHHas MaTpuIia Oy/1eT yI0BIeTBOPIThH CO-
ornomrennio B'CY = 0, a, ciaenoparensno, u cootnomennio CB = 0. 9To o3HaYaeT, 9TO CTOJOIBI
MaTpUIbl B ABJISIOTCS PeleHus M He TOJIbLKO JinHeiHoi cucrembl Az = 0, #Ho u cucrembl Cz = 0,
orauuarorieiics or cucreMbl Arx = 0 omHEM H00aBJIEHHBIM ypaBHEHHEM, KOTOPOE II0 IIPEIIOJIOZKe-
HUIO, JINHEIHO He BBIParKaeTCs depe3 UCXOIHbIE YPaBHEHUs. DTO O3HaJaeT, 9To paHr marpuisl C' Ha
eTMHUITYy OOJIbITIe paHTa MATPHUILI A, T.e. KOJIMIECTBO CBOOOIHBIX HEM3BECTHBIX y cucTembl C'x = ()
Ha eJMHUILy MeHbIne, deMm y cucrembl Ax = 0. 3HaunT, Bce cTOJONBI MaTpuilbl B He MOryT ObITh
pemenuamu cucreMbl Cz = 0 — npotusopeune. Takum obpasom, cucreme Bly = 0 yi1oBieTBOpAIOT
BCE CTPOKM MaTpuilbl A 1 mpuToMm ToJIbKO OHU. Teopema JoKa3aHa.

SATAYA 14. Cocmasums cucmemy AUREtUHvT ypasrenut, 3a0a10uyto Aunetiny1o 060A0uKYy cucme-
MblL 6EKMOPOS:

v =(1,-1,1,-1,1), v =(1,1,0,0,3), wv3=(3,1,1,-1,7), v =(0,2,—1,1,2).

Perenne.

Crmoco6 1.

BanucbiBas JaHHbIE BEKTOPBI CTPOKAMU MATPULLI U IPUBO/S 3Ty MATPHUILY K CTYIIEHYATOMY BHLY,
obHApY KUBaeM, UTO PAHI UCXOAHON CHCTEMbI BEKTOPOB paBeH JIBYM M 4YTO B KadecTBe Oasuca eé
JIMHEHHO 000JI0UKI MOYKHO B3Th {7, Vg }:

1 -1 1 -1 1 1 -1 1 -1 1
1 1 0 0 3 0 2 -1 1 2
3 1 1 -1 7 0 4 -2 24 (1.5)
0 2 -1 1 2 0 2 -1 1 2

[TosroMy POU3BOMBHBIN BEKTOP T € (U1, V) UMEET BUI T = U1 + aouy. Ilycrs (a1, 29, 23, 4, T5)
— ero KOOpJMHATHI B CTAHJIAPTHOM 06as3uce; TOIJa, IPUPABHUBAA COOTBETCTBYIONIME KOOPIMHATEL
IMeeM:

Ty =1 +ay, Ty=ap— 1, Tz=Q, Ty4=—0p, Ts5=q;+3as.

Tenepb, HUCKJ/IIOY9asd HEU3BECTHbIC (x1 U (g, IIOJIy9aeM HCKOMYIO JII/IHeﬁHyIO cucreMy Ha KOODJAWHATBL
IIPOU3BOJIbLHOI'O BEKTOPa T U3 <U1, UQ>I

I1:2$3+ZE2 l’l—ZL‘Q—ZZEg:O
Ty = —T3 = T3+ x4 =0 . O (16)
$5:$3+3$2+3$3 3$2+4$3—l’5:0

Cmoco6 II.

BamnuireM o CToJIONAM MATPHUIIBI 6A3UCHBIE BEKTOPHI 38 IaHHOTO HOIIIPOCTPAHCTBA U B KAUECTBE
JIOTIOJTHUTETHHOTO CTOJIOIA PACIIIMPEHHON MATPHITHI BO3BMEM CTOJIOEI] 13 HEU3BECTHBIX (1, Tg, . . . Ty ).
B mamem ciydae mosydaeM MaTpHUILy

1 1 I
-1 1 T2
10 Zs3 >
-1 0 Ty
1 3 T5
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1ocJie TIPUBEICHUs] TaKOi MaTPUIBl K CTYINEHYATOMY BUJY B Caydae, KOIja JaHHOe IOIIPOCTPaH-
CTBO HE COBIAJAET CO BCEM OOBEMJIIONIMM MPOCTPAHCTBOM, MOJIYIUM HEKOTOPOE KOJMIECTBO HYyJIe-
BBIX CTPOK B HepacmuperHoil marpure. [losromy, B cuty Teopembl Kponekepa—Kamemmun (cm. [1],

CTPp. 63), BEKTOP (l’l, T2, ..., ZL’n) IIPUHAJJIE?KUT paCcCMaTPUBAECMOMY IIOJIIPOCTPAHCTBY €CJIN U TOJILKO
€CJIN B 3TUX CTPOKaX 3a qepTOﬁ TaK2Ke CTOAT HYJIH. D10 1 ,ILaéT HNCKOMY1IO JIHHGﬁHyTO CUCTEMY Ha
KOS(l)(bI/IHI/IeHTbI BEKTOpa ({L‘l, To, ... ,ZL‘n). B namem cJIydae 9TO BBIIVIAAUT TakK:

11 I

0 2 1+ T2

0 0 2.1’3 — T + X9 . O

0 0 T3+ Ty

0 0 Iy — 3$2 — 41’3

Crioco6 I11.

[Tokazkem Teneph, Kak Teopema 1 MOXKeT OBITH UCIOJIB30BaHA JIJIsI PEllleHns Halell 3a1a4uu. 3a-
MUIIIeM KOOP/IMHATHI JJAHHBIX BEKTOPOB 10 CTPOKAM B MATpHUIly A 1 npupemém e€ K CTylHeHIaToMy
By (em. (1.5)). Torma dynmamentambaast cucrema perenuii 1ist guHeiinoi cucrembl Ax = 0 mveer
B/

-2

1 1
1 1

2 |, 0|,
0 2

0 0

_— o O =

Takum obpasoM, B CuJIy TeOpeMbl 1, HCKOMas CUCTeMa yPaBHEHUNH UMeET CJIeIYIONUi BUIL:

—$1+$2+2ZL‘3:0
ZL‘1-$2+21’4:0
—21’1—332—'—1['5:0

JIerko 3aMETUTDb, 9TO IIOJIYYCHHad CUCTEMa SKBHUBaJICHTHa CUCTEME (16) ]

1.5 Cymma 1 mepecedeHne

SAIAYA 15. Hatmu pazmeprocmu u 6a3ucvl cymmol u nepeceverus nodnpocmparcms Vi u Va:
Vi= <(1’ 2, 1)7 (17 L, _1)7 (1’ 3, 3)>7 Va = <(2’ 3, _1)7 (17 2, 2)7 (L L, _3)>

Pemienne.
BanureM KOOPIUHATHI BCEX MIECTH BEKTOPOB B MATPHILY 10 CTPOKAM U IPUBEIEM €€ K CTyIeH-
JaTOMYy BULY:

1 2 1 1 21
11 -1 01 2
13 3 . 0 01
2 3 -1 000
1 2 2 000
1 1 -3 000
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[TockoybKy paHr 9TOI MaTPHUILI PaBeH TPEM, T.€. PA3MEPHOCTH OObEMJIIOIIETO IPOCTPAHCTBA, B Ka-
JecTBe 0a3mca CyMMbBI 38JJaHHBIX ITOIIPOCTPAHCTB MOXKHO B3ATh JIIOObIE TPU JTUHEHHO HE3aBUCUMBIX
BekTOpa, Hanpumep, Bekropsl (1,0,0), (0,1,0) u (0,0,1).

s onpenenennst 6a3uca B nepecedernun Vi u Vo 3a1aauM 3TH IOJIPOCTPAHCTBA CHCTEMAaMU
JmHeitHbx ypaBuenunit. CocraBuM Matpuily A; u3 KodpOUIMEHTOB BEKTOPOB MOIIIPOCTPAHCTBA V],
U IPUBEIEM €€ K CTYIIEHYaTOMY BHJLY:

12 1 1 21
11 -1 ] — | 01 2
13 3 000

[Mockosbky BekTOp (3, —2, 1) 06pasyer 6a3uc B IPOCTPAHCTBE PEIeHNii COOTBETCTBYIOIIEl JTMHEHOM
CHCTEMBI, COTVIACHO TeopeMe 1 mojmpocTpaHcTBO Vi 3a/1aéTcsl ypaBHEHTEM

3371 — 2.132 +x3 = 0.
AH&JIOI‘I/I‘IHO, IIOAIIPOCTPaHCTBO ‘/2 3agaéTc;1 YpaBHEHUEM
8.1’1 — 5$2 + 3 = 0.

[Iepeceuenne 3aJJaHHBIX TOIPOCTPAHCTB YJIOBJIETBOPSAET CPA3y JIBYM MOJTYYEHHBIM YPABHEHUAM, T.€.
AX CHUCTEMeE

31‘1—2$2+ZL‘3:0
81‘1—51‘2+ZL’3:0

Pemrasg sTy cucremy ypaBHeHnil, HaXoauM 6a3nC B IPOCTPAHCTBE e¢ PENICHHIA, T.e. B IepPecedeHnn
nopoctpancts Vi u Vi, KoTopsblii cocrout u3 ojuoro Bekropa: Vi NVy = ((3,5,1)). O

SAMEYAHUE 3. Ormernm, 9TO 3a/a9a HAXOXK/I€HUsT 0a31ca CyMMBI JIBYX TIOIIPOCTPAHCTB CBOIUTCS
K BBIOOPY MaKCHUMAJILHON JIMHEHHO HE3aBUCUMOMN ITOJCUCTEMbI O0beIMHEHUsT OA3UCOB ITUX IOJIITPO-
CTPAHCTB, a 3ajlada HAXOXKJICHUsI Oasuca MepecevdeHns JBYX MOMIIPOCTPAHCTB CBOJAUTCA K HAXOXK/IE-
HUIO MaKCHUMaJIbHOH JIMHEHO HE3aBUCHMOI T0JICHCTEMbI 00'beIMHEHHS CUCTEM ypaBHEHUI, 3a/1a10-
IIIAX 3TU TOJIIPOCTPpaHCTBa. B 0003HaUYeHUIX TeopeMbl 1 3Ty JIBOHCTBEHHOCTb MOXKHO OIINCATh TaK: C
KasKJIbIM U3 JIBYX IOJIIPOCTPAHCTB V; MOKHO ¢Bsi3aTh cBoum MaTpuiibl A; u B;, tioe ¢ = 1, 2. [lpn Ha-
XOXKJIeHIH O6a3mca CyMMbBI MbI HAXOIUM 0a3uc B 0ObeJMHEHNN CHCTeM CTPOK Mmarpuil A; u Ay, a mpu
HaXOXKJIEHUU CUCTEMbI ypaBHeHU, 3adatoteir Vi N Vo Mbl HaxoauM 6a3uc B 00beIMHEHUN CTOJIOIOB
Marpur, By u Bs.

SAJIAYA 16. Hatmu pazmeprocmu u 6a3uUcvl Cymmol u nepeceverus nodnpocmparcms Vi u Va:

21]1—3ZL’2—|—$3+ZL’4+2ZE5:0
Vi = <(17073727_1)7(07 _477747 _4)7(2747_17072>>7 ‘/2 : ZE1+6I2—75E3—1OZL‘4—|—75L‘5:O
$1—|—£L‘2—2[L'3—3$4+3$5:0

Pemienne.
BamnuireM KOOpAMHATHI BEKTOPOB u3 V| B MaTPHILy IO CTPOKAM U IPUBEIEM €€ K CTYIEeHIATOMY

BUJLY:
1 0 3 2 -1 10 3 92 -1
0 4 74 —4 | — 04 -7 -4 4 )
2 4 -1 0 2
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Takum obpasom, BekTopbl v1 = (1,0,3,2,—1) u v = (0,4, —7, —4,4) obpa3ytor 6a3uc B IPOCTPAH-
cre V). s HaxoxKJeHUsI II€peceveHusi JBYX IOIPOCTPAHCTB 3alliIlleM ITPOU3BOJIbHBIN BEKTOP
MOJIIIPOCTPAHCTBA, Vi B Bue avy + vy U MOACTABUM €TI0 KOOPAMHATHI B CUCTEMY yPaBHEHUI, 3a,1a10-
YO TOApoCcTpancTBo Va. B pesynbrare mosmydum Tpu ypaBHEHNS Ha HEM3BECTHBIE (v U (3, KOTOPbIE
HPOIOPIMOHAIbHBI ypaBHeHnio o — 33 = (. Takum obpasomM, mepecedeHne ABYX JAHHBIX IOJIPO-
CTPAHCTB OJHOMEDHO W $IBJIsIeTCs JINHEHHOi 0bosounoi BekTopa 3u; + vy = (3,4,2,2,1). Haiigém
Tenepb 0a3uc B MOJIIpOCTpaHcTBe Vo:

-3 1 1 2

2
1 6 -7 —10 7 —>(éé:§ :?i).
1 1 -2 =33

Crpost pyHIaAMEHTAIBHYIO CUCTEMY PeIIeHHi, moaydaeM 6a3uc mpocrpancTsa Va:

Vo =1((1,1,1,0,0),(8,7,0,5,0),(11,4,0,0, —5)).

st naxoxkjieHusi Oasuca CyMMBI 3allUIlleM KOODJIMHATHI OA3MCHBIX BEKTOPOB ODOUX IIOIIIPO-
CTPAHCTB 110 CTPOKAM B MaTPUILy U IIPUBEJEM €€ K CTYIIeHYaTOMY BUJLY:

10 3 2 -1

11 1 00
04 -7 -4 4

01 -2 =21
11 1 0 0 ]|]—

00 1 40
570 50 00 0 43 1
1 4 0 0 =5

CuesroBaresnibio, cymma moganpoctpanctB Vi + Vo deThipéxmepna, n B KadecTBe eé Oasmca MOXKHO
BBIOPATH BEKTOPBI

(1,1,1,0,0), (0,1,—-2,—2,1), (0,0,1,4,0), (0,0,0,43,1). O

BAJIAYA 17. B aunetinom npocmparcmee Ry[t] mrozounenos cmenenu ne svwe 7 3adanv, déa nood-
NPOCMPAHCNBEA:

Vi={p(t) € Re[t] [p(—1) = p'(-1) =p"(=1) =0} u Vo ={p(t) € R7[t][p(2) = p'(2) = p"(2) = O}.
Hatmu 6asucol cymmol u nepecedenus 3mux noonpocmparcms.

Pentenwne.

[ToxmpocrpancrBo Vi cocTouT M3 TE€X MHOTOWIEHOB, KOTOPbIE MMEIOT B TOUYKe ¢t = —1 KOpeHb
KPATHOCTH HE MeHee 4eM 3, a IMOJIPOCTPAHCTBO Vo — M3 MHOTOYJIEHOB, UMEIONINX B TOYKe t = 2
KOpPeHb KPATHOCTH He MeHee, deM 3. DTo o3Hadaer, 4To Vi N Vo COCTOMT M3 BCEX MHOTOUICHOB
crerteHn He 6oJiee 7, IMEIONUX 110 KpaitHeil Mepe TPEXKpaTHble KOPHU B TOYKax t = —1 u t = 2, T.e.
U3 MHOTOWIEHOB, jensmuxcs Ha (¢ + 1)3(t — 2)%. TlockosbKy cTenenb TaKoro MHOTOYJIEHA JIOJIZKHA
OBITH He BbIIe cemu, 6a3uc B V) N Vo 00pa3yoT MHOTOYICHBI

(t* —t—2)°, t(t* —t—2)°
Kaxk uzsecto (cM. [1], crp. 189), pasMepHOCTH CyMMbI U MEPECEUeHUsT CBSI3aHbl COOTHOIIEHHEM

dim(V; + V3) = dim V; 4+ dim V5 — dim(V; N V5);
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B HaIlleM CJIydae, TOCKOJIbKY KaxK/0€e U3 3aJ[aHHBIX MTOIIPOCTPAHCTB IIATUMEPHO, 9TO O3HAYAET, YTO
dim(V; 4+ V5) = 8, Te. 94T0 cymMMa 9THUX HOAIPOCTPAHCTB COBIAJAET CO BCEM MPOCTPAHCTBOM R7[t].
[TosTomy B KadecTBe 6Gasuca B V] + Vo MOXKHO B35Thb MHOT'OYJIEHBI

1Lttt O
BAIAYA 18. ITycmw 3adanve deéa nodnpocmpancmea 6 R
U:=(1,1,1,1),(-1,-2,0,1)), w V:={((-1,-1,1,-1),(2,2,0,1)).

Iokasamsv, wmo RY* = U ® V' u natimu npoexyuro sexkmopa w = (4,2, 4,4) na nodnpocmpancmeo U
napaastesvro noonpocmparncmey V.

Penienne.

s mpoBepku Toro, uro mojnpocrpanctBa U u V' B mnpsiMoil cymme al0T BCe O00BEMITIONIEE
MIPOCTPAHCTBO, HY?KHO COCTaBUTH MATPUILY U3 OA3MCHBIX BEKTOPOB ITUX MO IIPOCTPAHCTB, IPUBECTH
eé K CTYIIeHYATOMY BUJY U YOEIUTHCsI, 9TO OHA UMeeT MAaKCUMAJbHBIA paHr. (DToro J0CTaTovqHo,
[IOCKOJIBKY B JIAHHOM CJIydae CyMMa Pa3MepHOCTell 3a/[aHHbIX MOJIIPOCTPAHCTB COBIA/IAET C Pa3Mep-
nocteio R, orxyma ciemyer, uro nepecedenne U u V' tpusuasibio.) Ipogenaem ato:

1 11 1 11 1 1

-1 -2 0 1 01 -1 -2
—

-1 -1 1 -1 00 1 O

2 20 1 00 0 1

Taxmm obpasom, R* =U @ V.

Haitném Terepb mpoekinio BeKTopa w Ha mojipocrpancTso U mnapasutenabro V. st sToro jo-
CTATOYHO COCTABUTH CHCTEMY YPaBHEHUil, 3aJIal0NIyI0 HOAIpocTpancTBo U, 3almcarTh pa3/iozKeHue
HEM3BECTHOIO BEKTOpa v 110 6a3ucy morpocrpancTsa Vo (T.e. JUHEHHYI0 KOMOUHAIIUIO C HEOIpe/ie-
JIEHHBIMU KO3 durmentamMun) 1 HalTu 311 KO3(hMUIUEHTHI U3 YCJIOBUS, YTO PA3HOCTb W — U YI0BJIE-
TBOpAET cucTeMe, 3aaromnieil mpoctpancTBo V. Torma BeKTOp w — v OYIET HCKOMBIM.

[Iycrs (21, 29, T3, 24) — TPOU3BOJIBHBIN BEKTOD MOAIPOCTPAHCTBA U PA3IoKuUM ero mo 6asucy:

rn=a—p1

To=a —20
T3 = '
234:@4‘5

Uckroaast Hen3BeCTHBIE (v U 3, IPUXOJIUM K CHCTEMe ypPaBHEHMI

{ $1+l‘4:2$3

To + 224 = 323 (1.7)

zajatorneil moanpoctpancTso U. [Ipon3BosibHbBII BEKTOP HOIIIPOCTpaHCTBA V' UMeeT BUJT

~1 2

~1 2
v=2A AN E

~1 1

HOJICTAB/IsAsT KOOP/MHATBI BEKTOpa W — v B cucremy ypasaenuii (1.7), mosydaem, aro A = 3, u = 4.
Taxkum obpazom, w —v = (—1,—3,1,3) — uckomsriii BekTop. [J
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1.6 JIuneitable PYHKOINN 1 OTOOPaXKEHUS

BAJIAYA 19. Kakue us caedyrowuz omobpascenuti npocmparcmea R, [t] mrozousernos cmenenu ne
eulue N 68 cebA ABAANMCA NUHETHDIMU ?

1.

p(t) = p(0) - t;

2. p(t) = p"(1);

3. p(t) — ( I8 p(u)du) 3, 0> 3

4. p(t) = p(Lp(2) - 1;

5. p(t) — t"p(1/t)?

Penienne.

1. Pacemorpum mponsBosibHBIE MHOTOUIEHBI Py (1), p2(t) € R, [t] m nmponsBosbHBIE CKaMApHL v, (.

Tormna
api(t) + Bpz(t) — (api(0) + B2(0)) - t = ap:(0) - t + Bp2(0) - ¢,
T.€. 3aJ[aHHOE OTOOParKEHUe SBJISIETCS JIMHEHHBIM.

2. Orobpazkenne p(t) — p”(t) sBisieTcst TUHEHHBIM B CUJTy CBONCTBA JIMHETHOCTH oreparnuu -
depeHImpOBaHNA.

3. Tlycrs pi(t) u pa(t) — MPOU3BOJILHBIE MHOTOUJIEHBI, TOT/A JIJIsl JIIOOBIX CKAJISIPOB (v U [3 UMeeM:

1 1 1
)+ = ([ (emtw) + i )¢ = ([ mitwae) 245 ([ patagan) -,
0 0 0
T.€. pacCMaTpUBaeMoe OTOOpazKeHne JTUHeiHo. Yeaosue n > 3 HeoOXOAMMO, TOCKOJIbKY B IIPO-
TUBHOM CJIydae MHOTOYJIeH {3 He NPUHAJJIEsKUT JIMHeHHOMY HOIIPOCTpaHcTBy R, [t].

4. Orobpazxenue p(t) — p(1)p(2) -1 He sBsIeTCs] TMHEHHBIM HU IIPU KAKOM 70, TOCKOJIbKY, HAIPU-
mMep, 1 —1-1,2+—4-1,a14+2— 91 (5T1 MHOrOUIEHBI COJEPKATCA B PACCMATPUBAEMOM
HO/IIIPOCTPAHCTBE MIPU JIIOOOM 7).

5. PaccMoOTpUM IIPOM3BOJIBHBIE MHOI'OYJIECHBI

pl(t) = ap + alt + -+ Gntn, pg(t) = bo + blt + -+ bntn
1 IIPOU3BOJIbHBIE CKaJIAPHI v, 3. Torma

n - Qg bk n - ag n n bk
api(t) + Bpa(t) — ¢ Z(at—k—i—ﬁt—k) = at Zt—k+/6t Zt_M

k=0 k=0 k=0

T.€. CBOMCTBO JIMHEIHOCTU BBLIIOJHEHO. [

BAZIAYA 20. B aunetnom npocmpancmee Mat,(R) sewecmeennor mampuy, nopadka n 3adarol
Pynryuu 63amus caeda U onpedesumend MampPuybl. H6AA10Mes AU OHU AUHETHHMU Y
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Penienne.
Ciiozkenue MaTpHIl U YMHOMKEHUE MaTPHIIbl Ha YHCIO HPOUCXOJUT HO3JIEMEHTHO; TI03TOMY €CJIN
A = (a;j), B = (b;;), TO 1151 IPOU3BOJIBHBIX YHCET (¢ U [3 IMEEM:
n n n
tr(cA + BB) = Z((wu‘ + Bbi) = « Z a; + B Z by = atr(A) + ftr(B),
i=1 i=1 i=1
T.e. OTOOpasKeHUsI B3SITUS CJIeJ[a MATPUILBI JIMHEHHO.
Ecm n > 1, To, Hanpumep, JUis eJMHUIHON MaTpuilbl F (YHKIMs B3sATUs ONPEe/JUTesd He
YIOBJIETBOPSAET CBONMCTBY JIMHEHHOCTU:

det(aE+ fE) = (a+B)"#a+ B =adet E+ Gdet £

(mocrarouno mookuth o« = (F = 1). [Ipu n = 1 auHEHHOCTH OYEBHUIHA, TOCKOIBKY ONPEIETUTEb
MaTPHIILI MOPSJIKa 1 — 9TO €JIMHCTBEHHBIN 3JIeMEHT 3TOi MaTpuIlbl. [

BAJAYA 21. Hatimu 6asuc 6 adpe aunetinozo gynxyuonana p = 2x' — 3z + 2*, 2de 2% : R* - R
— pynruuonan e3amusa k-moti xoopdunamu, eexmopa 6 cmandapmmrom basuce.

Pemenne.
dnpo muHefiHoro (byHKIMOHAIA (0 COCTOUT U3 TeX U TOIBLKO TeX BeKTopos v € R*, mis xoTophx
o(v) =0, re.
2.1'1 — 3%2 + T4 = 0.
Taxum 06pazoM, JOCTATOIHO TOCTPOUTH KAKONH-HUOY/Ib OA3HUC ¢ IPOCTPAHCTBE PeIleHuil Tol JTuHe-

HOII CUCTEMBbI, COCTOSIIIEH n3 oHOro ypaBuenus. CoctaBiss GyHIAMEHTAILHYIO CUCTEMY PEeIIeHUil,
MOJIydaeM CJIELYIONYIO0 CUCTEMY BEKTOPOB:

3 0 -1
2 0 0
01’ 1]’ 0| =
0 0 2
BAAYA 22. B npocmpancmee R, [t] cmenenu ne eviwe n aunetinoe gynxyuu ', 2det = 0,1,....n,

sadanv, dopamynoti I(p) = p¥(ty) dna scex mmozounenos p € Ry[t], 2de ty — npoussoavnas mouxa
wucA060U npamot. Jlokazamo, wmo amu Gynruuy 06pasyrom 6a3uc 6 CONPANCEHHOM NPOCMPAHCINGE
(R,[t])*, u natumu dsoticmsennui 6asuc npocmpancmea R, [t].

Pemenne.

BMecTo Toro, 9ToOBl HEIIOCPEICTBEHHO JOKa3BbIBaTh, uTo cucreMma dynkmmit (0,11, ... I" obpa-
gyer Gasuc B mpocrpancTse (R, [t])*, mocTpoum ABOICTBEHHYIO eii cHCTeMy MHOTOYJIEHOB U IHMOKa-
JKeM, 9TO OHAa siBJisieTcst 6asmcoM mpocTpancTBa R, [t]. PaccMoTpum MHOTOWIEHBL po, P1, - - . Pp, TIE

pi(t) = (t_z%)l Jlerko Bugers, uro upu k < i

i) = (i6i-1)-- -+ ) - () -

2!

npu k > i crenenb MHOTOY/IeHA MeHbIIe nopgka uddepenruposanus u notomy [F(p;) = 0, a npu
pl(»k) (t) = 1. Takum 06pa3oM, MOCTPOEHHAS CHCTEMa MHOTOYJIEHOB JIBOHCTBEHHA K HMCXOJHOW CHCTe-
Me JuHeinbix gynknuit. [lockombKy 3Ta cucreMa cOCTOUT M3 MHOIOYJICHOB PAa3/IMYHBIX CTEICHEH,
OHa JIMHEITHO He3aBHCHMA, &, IOCKOJbKY KOJIMYECTBO JIEMEHTOB B Heil COBIAJaeT ¢ pa3MePHOCTHIO

npocrpancrea R, [t], ona aBasgercsa 6asucom R, [t]. O
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1.7 Addunnbie mpocTpaHcTBa

SAIAYA 23. Onpedeaumsn, asasemca auY apdurroim nodnpocmparcmseom aPdhunro2o npocmpar-
cmea X, u, ecau AsAsemca, Hatimu aunetnoe noonpocmparcmeo V, ¢ komopwoim Y accoyuuposaro,
8 KAAHCAOM U3 NEPEUUCAEHHBLL HUNCE CAYIAEE:

1. X — npoussosvroe sewecmeennoe afurroe npocmpancmeo, a Y — KoHeuHvili Habop mouex
usz X;

2. X — naockocmv R?, a' Y — mnexomopas eé noaynaockocmsv suda {(z,y) € R? |ax + by > 0};
3. X — naockocms R?, a' Y — npouseoavras npamas ma 3mot naockocmu;

4. X — npocmparcmeo R[t] 6cex mmozousenos om 00noti nepemernnoti, a Y — nodmmosrcecmeso
mrozounenos p(t), ydosaemeoparowux yeaosuro p(1) + p(2) = 3;

5. X — npocmpancmeo Rt] ecex mmozounenos om 0dnot nepemernot, a'Y — nodmmootcecmeo
scex muozounenos p(t), ydosaemsopaowuz yeaosuro p(1)p(2) = 3.

Pemienue.

1. Begkoe BermecTBeHHOE JIMHEHHOE TIPOCTPAHCTBO COCTOUT M3 DECKOHETHOT'O KOJIMIECTBA JJIEMEH-
TOB, €CJIM TOJHKO OHO HE HyJbMEDPHO (B 9TOM CJIydae OHO COCTOUT TOJBKO M3 HYJIEBOIO BEKTO-
pa). [losromy Komeunbrit Habop Touek Y addunHOro nmpocrpancTBa X MOXKHO HPEJICTABUTDH
BBuge A+ V, e A € X, V — HekoTopoe JIMHEiHOe TPOCTPAHCTBO, JIUIIL €CJId Y COCTOUT
U3 €IMHCTBEHHON TOYKH (T.e. Touku A), a V — HyJbMepHOe JIMHEHHOe IPOCTPAHCTBO (MHAME
B CUJIy KOHEUYHOCTU MHOXKeCcTBa Y HaiiayTca takme Touku A, B € Y, aro BekTOopoB v € V|
YJOBJIETBOPSIIONIUX YCIOBHIO B = A + v, 66CKOHETHO MHOIO).

2. Homnyctum, uro Y saBisercs apdUHHBIM HTOAIPOCTPAHCTBOM B X U UTO CYIIECTBYET TAKOE JIM-
HeitHoe moanpocTpancTso VB mHeitnom npocrpancTse R?, uro X ¢ num acconuuposano. Tora
JIUTsT TIPOU3BOJIBHOM Toukn A = (x1,1y;) € Y Haiinércsa takoit Bektop v € V| aro O +v = A,
rie O — Havasio KoopauHat. [lycrs Touka B, onpejensemast papectBoM B = O + (—v), Toxe
COJIEPKUTCA B Y; TOTJIa B CHJIy IPaBWJIA TPEYTOJabHUKA B = (—x1, —y;) U

a(—x1) + b(—y1) = —(az; + byy) < 0.

Suaunt, B He npunayiekut Y — nporuBopedne. Takum 06pa3oM MOJIYIJIOCKOCTh Y He SIBJIs-
erca adpDUHHLIM HOIPOCTPaHCTBOM B adbduHHOM mpocTpancTse R2.

3. Ilycrs v — mampaidionuii BeKTop npsamoit Y, a V' — ero JyimHeitHas obosiouka. Torma s
Jo0BIX ByX Touek A, B € Y mmeer mecto paBernctBo B = A+ AB, npuuem AB € V. Takum
obpazom, Y sapBisercs adOUHHBIM TOIIPOCTPAHCTBOM B X, aCCONMUUPOBAHHBIM C JITHEHHBIM
HOJIIIPOCTPAHCTBOM V.

4. st MOOBIX JIBYX MHOTOYJIEHORB P U (, IPUHAJJIEIKAIINX Y | UX PAZHOCTD § = P—( yJOBJIE€TBOPsI-
et ycsopuio (1) +s(2) = 0. ITosromy, MHO)KeCTBO Y siBsistercst abdUHHBIM TTOITPOCTPAHCTBOM
B X, acCONMMPOBAHHBIM C JIMHEIHBIM IIPOCTPAHCTBOM BCEX MHOTOYJICHOB, YOBJIETBOPSIONINX
yesosmio s(1) + s(2) = 0.
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5. Pacemorpum muorowtenst p(t) = /3 u ¢(t) = 2t — 1, npunayiexamue Y I PACCMOTPHM
UX PA3sHOCTh S = ¢ — p. Ecam mpeanonoKuTh, 9To MOAMHOXKECTBO Y sBjgeTcd adOUHHBIM
HOIIPOCTPAHCTBOM B X, TO, HalpMep, MHOIOWIEH T = p + 28 JOJKEH COolep:Karbcsa B Y.
Ogmako, 3to He Tak: 7(1) = 2 — /3 u r(2) = 6 — /3. Takum obpasom, Y He sBsercs
acdduHHEBIM HTOAIPOCTpaHcTBOM B X . [

SAJAYA 24. Cocmasumsd napamempuieckue YpasHEHUS NAOCKOCTIU

3r1 — 2x9 +4x3 — 624 + x5 = 4
$1+3$2+ZE3—3$4+2$5:1

Pemenmne.

QakTUYIECKH, 9Ta 3a/la4a SKBUBAJEHTHA 3a/lade ITOCTPOeHHs PyHIAMEHTAJIbLHONR CUCTEMbBI Pele-
HU 71T HEOTHOPOIHOM CUCTEMBI JIMHEWHBIX ypaBHeHuil. JleficTBUTEIbHO, 3alUIeM PaCHIUuPEHHYIO
MaTPHUILY 3TOI CUCTEMBI U IPUBEJIEM €€ K CTYIIeHYaTOMY BUTY:

3 -2 4 —6 1|4 . 1 31 =3 211
1 31 -3 2|1 0O —-11 1 3 =51 /)"
Yacrroe pemtenne (0,0, 1,0,0) mosydaercst 0JiHOBDEMEHHBIM 3aHYJIEHIEM BCEX CBOOOJIHBIX HEU3BECT-

HBIX: To = T4 = x5 = 0; dyHIaMeHTa/IbHAS CHCTEMa PEeIIeHUil COOTBETCTBYIONIEH OJHOPOIIHO
CUCTEMBI COCTOUT U3 BEKTOPOB

(—14,1,11,0,0), (6,0,—3,1,0), (—7,0,5,0,1).

Ha s3bike adOUHHBIX TOAIPOCTPAHCTB 9TO O3HAYAET, UTO ILJIOCKOCTH PEIIeHUI MCXOIHON CHCTeMbI
TPEXMEpPHA U TapaMeTPUIEeCKN 3a1a6TCs CETYIONUM 00pa30M:

To 0 1 0 0
Zs3 = 1 +t 11 + 1o -3 + 13 5) ]
Ty 0 0 1 0
T5 0 0 0 1

SAAYA 25. Cocmasums napamempuieckue YpasHeHUs 08YMEPHOT NAOCKOCTU, NPOTodAuLeT Yepes
mpu MoKy

Ai(=3,1,2,—2,—-4), As(—1,5,4,1,—4), As3(3,5,—-5,5,—1).
Hatmu cucmemy ypasHnerudi, 3a0aowyro smy niockocmo.

Pemenne.

JLnist cocTaBiieHus ITapaMeTPpUIecKnX YpaBHEHHI 3a/IaHHOM IIJIOCKOCTHU JOCTATOYHO B3STh JIIOOYIO
N3 JaHHBIX TOYCK B Ka4Ye€CTBE 6a30130171, a BeKTOpr7 I/I,ZLyHH/Ie n3 Heé B JIB€ ;prrI/Ie TO“IKI/I, — B Ka4eCTBeE
6a3uca COOTBETCTBYIOIIETO JIMHEHHOTO TOITPOCTPAHCTBA:

T -3 2 6
i) 1 4 4
r3 | = 2 |+t | 2 |+t —7
T4 -2 3 7
Ts —4 0 3
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Haiiiém Terepb cucreMy JIMHEHHBIX ypPaBHEHUIT, 33/IAI0MIYI0 Ty JIBYyMEPHYIO IJI0CKOCTh. CriepBa
[IOCTPOUM OJTHOPOJHYIO CUCTEMY, KOTOPOi OYIyT yI0BIeTBOPATH BeKTOPBI Ay Ay m Ay As; st sT0TO
BAIAIIEM KOOPIUHATHI 3TUX BEKTOPOB B MATPHUILY IO CTPOKAM U MPUBEJIEM €€ K CTYIIEHIaTOMY BULY:

2 4 2 30 N 2 4 2 3 0

6 4 =7 7 3 0 -8 —-13 -2 3 /°
Koopaunater BekTOpoB byHIaMEHTAILHON CUCTEMBI PEIIeHUiT 9TON CHCTEeMbI YPABHEHUN SBJISIOTCS
KodpduImeHTaMn NCKOMO# JIMHEHHON CUCTEMBbT:

18x1 — 1325+ 8x3 =10
41’1+LL’2—4$4 =0
61‘1 — 31’2 — 8[)35 =0

Terepb MOJCTABUM B 3Ty OJHOPOJHYIO CHCTEMY JIIOOYIO M3 JIAHHBIX TOYeK (HAalpuMmep, TOUKy Ap) u
BBIYUC/IUM KOI(PDUIUEHTDHI B IIPABO YacTu:

18%1 — 13332 + 8553 = —51
4$1+$2—45L’4:—3 O
6(131 — S.TQ — 8ZE5 =11

SAIAYA 26. Hatimu apdurmryro 06040uKy cucmempv, moyex

(=1,1,0,1), (0,0,2,0), (=3,—1,5,4), (2,2,—3,-3).

Pemenmne.

Haiiiém imaeitHy 10 0JTHOPOJIHYIO CUCTEMY, 3aJIaI0TIYI0 COOTBETCTBYIOIIEE JIMHEITHOE TIO/IITPOCTPAH-
CTBO, & 3aTeM IOJICTABUM B Heé JIIOOYIO U3 JIAHHBIX TO4YeK. B KadecTBe 06a30BOII BBIOEPEM BTOPYIO
TOYKY U Oy/IeM HCKaTh OJHOPOJHYIO CUCTEMY, 3aJIaI0ILYI0 JJMHEHHYI0 000/I0UKY BEKTOPOB

vy = (_1717_271)7 Vg = (_37_17374)7 U3 = (2727_5a_3)

BamnuieM IpOu3BOJIbHBI BEeKTOD (1, T2, T3, T4) UX JIMHEHHON 000JI0UKH B BHUiE avy + [vg + YUs;
[IPUBO/IF PACIIMPEHHYIO MaTPHUILY MOJYYEHHON CUCTEMBI K CTYIIEHUYATOMY BU/LY, UMEEM:

1 -3 2|z 1 -1 2 Ty
1 -1 2| x9 . 0 1 —1| z14+ 24
—2 3 =5 T3 0 —4 4 1+ To
1 4 -3 T4 0 1 -1 21’2—|—I3

].—[OSTOMy7 COOTBETCTBYIOIIIaAd OJHOPO/IHad CUCTEMa UMEET BUJL

1‘1—2$2—1’3+$4:0 )
5.1’1+.’172—|—4.T4:O ’

nogcranoBka Touku (0,0,2,0) TpUBOAUT K MCKOMOI HEOJHOPOJIHOI cucreme:

.0

$1—2$2—$3+I4:—2
5[E1+CL’2+41’4:0
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SAIAYA 27. Hatiimu apdurnyro 060a0uky obsedunenus 06yxr apdurnvir noonpocmparncme:

a1 3 2 0 ) —6 4

i) 3 0 2 i) 2 3

H1 : T3 = ) + tl 0 + tg 4 5 HQ Zs3 = 2 +t 7

Ty 4 3 2 T4 —2 5

Ty 2 1 2 T5 -3 3
Pemenue.

Paccmorpum BekTOp (6%, 1,3,6,5), coeuHSIONNIIT TOUKY JIBYX JAHHBIX apDUHHBIX TOITPOCTPAHCTB,
n 0a3uCHBbIE BEKTOPBI-CTOJIONDI, 38/IaI0IIUE STU ITOAIPOCTPAHCTBA. SAIIUIIEM UX 10 CTOJIONAM B MaT-
puILy

o w =B
— W O Owiv
O MO R O O
L T =T W

u yOeuMcs B TOM, UTO PAHT TOJIyYEeHHONH MATPHUILI paBeH 4. DTO 03HAYAET, YTO COOTBETCTBYIONINE
BEKTODBI JIMHEIHO HE3ABUCUMBI, U yPaBHEHNE UCKOMO addUHHON 0007I09KN UMEET BU/I

n\ [ 2 ) ;
To 3 1 0 2 3
T3 = 5) -+ tl 3 + tg 0 + t3 4 + t4 7 O
T4 4 6 3 2 )
s p 5 1 p 3

SAJIAYA 28. Hccaedosamsd 63aUMHOE PACTLONOHCEHUE OBYT MPETMEPHIT NAOCKOCTET 6 NPOCTPAH-
cmee R™ npun > 6.

Peirenne.

Paccmorpum Tpéxmeprnie addunnbie mwiockoctn P + Vi u Py + Vo, tne Py u P, — HEeKOTOpbIe
toukn u3 R", a Vi u Vo — TpéxmepHble JIMHEHHbIE MOAIIPOCTPAHCTBA, WU U3YIUM BCEBO3MOXKHBIE
CIydau.

. Ecmm Vi = Vo u PP, € V], TO IJIOCKOCTH COBIIA IAOT.

.Ecm Vi =V, a PP, € V7, TO IJI0CKOCTH TIapaJijie/TbHBbI.

CEcm dimViN Ve =2u PP, € Vi + Vs, TO IIJIOCKOCTH TIEPECEKAIOTCS 110 IBYMEPHOMN IIJIOCKOCTH.
Ecm dimViNV, =2,a PPy & Vi + V3, TO IJIOCKOCTH CKPEIMBAIOTCS 110 JIBYMEPHOMN TLIIOCKOCTH.
.Ecmm dimViNVo=1u PP, € V] 4+ V5, TO IJIOCKOCTH TIEePECceKaroTCs 110 TPSIMOIA.

Ecom dimViNVy =1,a PP, € Vi + V,, TO IJIOCKOCTU CKPEIUBAIOTCS 110 TIPSIMOTA.

Ecmn dim Vi NVo=0u PPy, € V) + V5, TO IJI0CKOCTH TI€pEeCceKatoTCsl 110 TOUKe.

Ecim dimVi N Vo =0u PP, € Vi 4+ V5, TO IJIOCKOCTH CKPENUBAIOTCS 110 TOYKE, 9TO BO3MOXKHO
Jumb ecjm n > 6. [

SAIAYA 29. Onpedesums 83aumnoe pacnosogdcerue d8Yxr naocKocmet:

1_[1 : (x17$27$37 Ly, 1’5) = (17 _17 27 17 O) + <(27 3a _L 074)7 (37 _27 17 Oa 1)>
H2 : (xl)x%x?)a Ty, l‘5> - (07 17 _17 07 ]-) + <(47 _17 _47 07 7)7 (77 57 87 07 1>>
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Penienne.

Paccmorpum suneitnbie mopmpocrpancTsa Vi u Vs, cooTBeTcTBYIONINE 3aJlaHHBIM ahPUHHBIM
IJTOCKOCTSIM. 3alUIeM MATPUILY, COCTOSAIILY IO U3 KOOPANHAT OA3UCHBIX BEKTOPOB OIITPOCTPAHCTB, 1
J106aBUM B He€ CTOIOEI] KOOPJAMHAT BEKTOpa, COeIMHSAIONIETO 3aJaHHble TOUKH Ttockocreit [1 m Ils:

2 3 47 -1
3 =2 -1 5 2
-1 1 -4 8 -3
0 0 00 -1
4 1 71 1

Herpynao mpoBepuTh, 9T0O paHT BCeil MaTPHITLI paBeH 4, a PAHT MATPUIILI, COCTOAIIEN 13 €€ MePBhIX
YeTBIPDEX CTOJOIOB, PaBeH 3, T.e. J00ABJIEHNE BEKTOPA, COEJIUHSAIONIETO TOYKH JIBYX IJIOCKOCTeNl K
cUCTeME, COCTOsINell 13 0A3UCHBIX BEKTOPOB COOTBETCTBYIONINX JINHEHHBIX ITPOCTPAHCTB, yBEIUYIU-
BaeT e¢ panr. 3uauunt, mwiockoctu I u Il me nepecekatorcs. [Tockonbky mommnpocrpanctso Vi + V5
TPEXMEPHO, a KaxK/[asl U3 JIAHHBIX IIJIOCKOCTE JIByMepHA, 9TH IIJIOCKOCTU CKPEIIUBAIOTCS IO ITPAMOI.
g HAXOXKIeHUS HAIPABJIAIONIEr0 BEKTOPA ITOW MPIMOl HEOOXOIMMO HATH Ilepecevenne MoJIrpo-
crpancts Vi u Va. [l 9TOr0 oCcTpouM JIMHEHHbIE CHCTEMBI, 3a/IaI0NTNe STU Mo pocTpancTsa. OHn
3a/1aI0TCS JIMTHEHHBIMU CUCTEMAMMU

1‘1—2ZE3—I‘5:0 4I1—5[L‘2—3I’5:O
5$2+11$3—1’5:0 n 4$1—20$2+9$3:0
zs =10 zs =0

COOTBeTCTBEeHHO. Torma ux rnepecedenne 3a1aéTcsd JIMHEHHON crcTeMOi

1 —2x3 — x5 =0
5$2+11{E3—JI5:O
dxy — 519 — 315 =0
4xy — 2029 + 923 =0
1'4:0

MPUBO/IsI COOTBETCTBYIONLYIO MATPHUILY K CTYIIEHIATOMY BHU/LY, OOHApyKUBaeM, 9TO (PYyHIAMEHTA b
Hasl CHCTEMa PEIIeHn i 9TOi cucTeMbl cocTonT u3 Bekropa: (5, 1,0, 0,5). 3HaunT, 3a/1aHHbBIE TLIIOCKOCTI
ckpemnuBarorcs 1o Bekropy (5,1,0,0,5).
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JlnHaeiiHbIe onepaTopkl

2.1 Marpuna JUHENHOro orepaTopa

BA1AYA 30. Hatimu mampuuy sunetinozo onepamopa 6 mpexmeprom npocmpancmee R (co cman-

AaPMHLLM CKAAAPHBIM NPoUu3sedenuem), 3a0arnozo gopmyrot r — (z,a)a, 2de a = (3,2,1), 6 cman-
dapmmom basuce 6 R® u 6 basuce by = (1,1,1), by = (0,1,1), bg = (0,0, —1).

Pemmenue.

[TockobKy 10 cTOJIOIMAM MATPHUIBI JMHEHHOIO OllepaTopa CTOAT 00pasbl 0A3MCHBIX BEKTOPOB,
HailJIEM, Ky/la Iepexo/isiT BEKTOPhI CTaHIAPTHOIO Da3uca e, ey, 3 MoJ1 JeficTBUEeM 3a/IaHHOIO Ollepa-
Topa:

e — 3a, ey+— 2a, e3> a.

[TosToMy B crangapTHOM Ha3uce MATPUIA JAHHOTO OlepaTopa UMeeT BH]L

w o O
N =~ O

3
2
1
Anajornano paccMmarpusad basuc by, by, by, mosrydaeM, 94To
9 Y Y J
by — 6a, by 3a, b3+— —a.
OnHako, HaM HEOOXOIUMO 3alicaTh KOOPAMHATHI 00pa30B OA3MCHBIX BEKTOPOB MMEHHO B Oasmce

b1, by, b3, Mj1st wero MpuIETCs Pa3IOKUTh BEKTOP a 110 3ToMy Oasucy. B manHOM ciydae pasyiozKeHne
04eBUIHO: a = 3b; — by + b3. IloaTOoMy, MCKOMasg MaTpuIia UMeeT BH

18 9 -3
-6 =3 1 ].0
6 3 -1

BAZIAYA 31. B npocmparcmee mrozouneros Rs[x] cmenenu ne eviue namoti natimu mampuuyst one-
pamopa dudepernyuposarua = u onepamopa cdsuea T : p(x) — p(z+1) 6 basuce 1,z,22, 23, 2, 2°.
Pentenwue.

28
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BanuceiBas KOOPJAUHATHI 00Pa30B OA3UCHBIX BEKTOPOB, MOJydaeM MAaTPHILy oneparopa audde-
PEHITMPOBAHMS:

&
OO O oo
(>l loNoll S
S OO o N O
S OO Wwo o
S OO OO
O oo O OO

J11s1 moJIy weHnst MaTpPUILL OllepaTopa CABUIa HEOOXOAUMO BOCIOIb30BaThes bunomoM Heioroma st
Bbipazkenuii suja (z + 1)k

11111 1
01234 5
00136 10

Ar = 0001 4 10 =
000071 5
0000TO0 1

SAIAYA 32. Jlunetinwi onepamop 6 nexomopom basuce €1, s, €3 UMEEm MAMPULY

3 2 2
A= -2 1 0
3 3 =2
Hatmu ezo mampuuy 6 6asuce f1 = ey + 2eq9 + e3, fo = —Teq + deg — 2es3, f3 = 3e; — ex + e3.

Pemienue.
CocraBuM MaTpHILy IEpexoia, 3aIlucaB II0 CTOJI0IMaM KOOpPIMHATHI BEKTOPOB HOBOIO Oasmca B

CTapOM:
1 -7 3
C=|2 4 -1
1 -2 1
Torma obparHass MaTpuila ©MeeT BHL
-2 -1 5
ct= 3 2 -7,
8 5 —18

a MCKOMas MaTpHUIla BhIparkaeTcs 10 hopMyJie

17 -9 9
B=C1'AC=1| —-22 20 —15 |.O
—54 44 -35
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BAIAYA 33. Jlunetnwd onepamop [ 6 6asuce a; = (2,3,5), as = (—1,0,1), ag = (3,1, —1) umeem
MAMPULY

2 1 =2
A= 3 11 -1
-3 2 4

Hatimu ezo mampuuy 6 6azuce by = (1,0,2), by = (3,—1,5), bg = (—2,4,—1).

Pertenne.
Barmmmrem Marpuibl nepexona C7 m Co, oT crammapTHOro Oasmca B R? K GaszucaM ap,as, as n
b1, by, b3 COOTBETCTBEHHO:

2 -1 3 1 3 =2
Ci=(3 o 1], Co=|(0 -1 4
5 1 —1 2 5 —1

Torma marpuma C' = C; 'Oy sBisgeTcs MaTpuIieii mepexosia o 6asuca {ay, as, asy x 6asucy {by, ba, bs}.
[ToCKOILKY 3J/IeMEeHTapHBIM IPeoOpa3oBaHUAM CTPOK MATPHUILI COOTBETCTBYET JOMHOXKCHHE €€ Ha
MaTPUIBI 3JIEMEHTAPHLIX IPeoOpa3oBaHuii cieBa, HeT HeOOXOJUMOCTH OTIE/JILHO HAXOIUTH MATPHUILY
Cy ! a 3arem momHONKaTH €6 Ha Cy; mocraTodHo 3anucarb Marpunsl C; u Cy PIIOM U IPEMEHATH K
marpuie Cy 371eMeHTapHbIe IPeodpPa30BaHusl, IPUBOJIIINE ¢ K eIMHIIHOI:

2 -1 3|1 3 =2 1 00 3 10 —11
3 0 10 -1 4} —{(01O0|-22 =76 91
5 1 =112 5 -1 001 -9 =31 37

Takum obpaszom,

3 10 —11
C=| —22 -7 91
-9 =31 37

Tertepsb ocTasioch, 3Has MaTPUILY Tepexojia, 3alicaTh MaTPUILy oreparopa f B JIpyrom dasuce:

-9 29 -7 2 1 =2 3 10 —11 72 115 182
C'AC = 5> —12 31 3 11 -1 =22 =7 91 | =| —-61 —156 56 |.OJ
2 =3 8 -3 2 4 -9 =31 37 —-36 —111 101

SAIAYA 34. Jlokazamob, wmo cywecmseyem eduncmeentoe Aunetinoe npeodpasosanue mpeéxmepHozo
NPOCMPAHCMea, NePesodauee 6EKMopPyL a1, Gz U az 6 exmopuv, by, ba u by coomeemcemeenno. Hatimu
MAMPUYY IM0O20 NPeodPa308aHUA 6 oM dHce basuce, 8 KOMOPOM 3G0aHbL KOOPIUHAML BEKMOPOS:

a; = (47 17 _1> az = (_1747 5) as = (_2707 1)
by = (2,3,1) by = (1,1,—1) by = (—1,0,1)

Pertenne.

BanmureM KOOpIMHATHI JAHHBIX BEKTOPOB B Marpuiibl A u B 1o cronbmam. Ecim takoe muneitnoe
nmpeobpaszoBanne f cymecTByeT u 3a1aércsa Mmatpurieit C' B TOM 2Ke 6asnce, B KOTOPOM 3a/IaHbI KOOP/IH-
HATBHI JAHHBIX BEKTOPOB, TO JIJIsi KazKJI0r0 ¢ = 1, 2, 3 BeIoTHEHO paBeHcTBO C'a; = b;. DTO o3HATaeT,
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4T0 MMeerT MecTo MarpuuHoe pasencrso CA = B, te. C = BA™! ecan marpuna A obparuma. B
HAIIeM cJIiydae 00e MaTpUITbI

4 -1 =2 2 1 -1
A= 1 4 0 n B=|(3 1 0
-1 5 1 1 -1 1

— HEBBIPOXKJICHHBIE; [TO3TOMY MCKOMOE JIMHEHHOE IIpeobpa30oBaHue CyIIeCTBYET, €JIMHCTBEHHO U 3a-
JaeTcd MaTpureit

2 1 -1 -4 9 -8 2 -3 3
C=BA'=|3 1 0|- 1 =2 2 | =1 —-11 25 —22 |. O
1 -1 1 -9 19 —17 —14 30 —27

2.2 dnapo m obpa3 JmHeilHOro oreparopa

SAIAYA 35. Hatimu adpo u obpas aunetinozo onepamopa f, 3adannozo ceoeti mampuuet 6 Hexo-
mopom basuce:

N

~

|

|
W = =N
— =N W
N © O W Ut
N O = — O
N O Ot DN b~

Pemienne.
[IpuBeném maTpuily oreparopa K CTYIIEHIATOMY BUJLY:

1 3 5 0 4 1 35 0 4 1 350 4
0O -7 -7 1 -6 011 3 4 0111 2
Ay — [ O 5 5 4 9 1 —1 000 -6 —-6|—1]000O0T171
o 3 3 3 6 000 —-11 -11 000O0O
0 -8 =8 -2 -10 000 22 22 00 00O

[TockobKy 31eMeHTapHbIE TPeoOPA30BAHMS HAJI CTPOKAMU MATPUILI HE HAPYIIAIOT JIMHEHHBIX CO-
OTHOIIEHUHN MKy e€ cTOJ0IAaMu, ePBbIil, BTOPOil U YeTBEPTHIH CTOJIOIBI UCXOIHON MATPUIILI SB-
JIAIOTCH OA3MCHBIMU, T.€. BEKTOPBI

(1,2,-1,4,3), (3,-1,2,1,1), (0,1,4,5,—2)

MOKHO B3sITh B KadecTBe 0a3ucHbIX B 0Opase omneparopa f. [l HaxoxKieHns sijipa 3TOro orneparopa
JIOCTATOYHO HOCTPOUTH (yHIAMEHTAJBHYIO CHCTeMy perieHnil 1ia juHeinoil cuctemsl Ajr = 0.
Jlerko BuIeTh, YTO B JJAHHOM CJIydae OHa COCTOUT U3 JIBYX BEKTOPOB:

Ul:(_27_17170a0)7 U2:(_]—,_1,0,—1,1).
Takum obpazom, Ker f = (vq,vy). O

BAIAYA 36. Hatdmu adpo u 06pas caedyiowux onepamopos, detcmeylouus 6 npocmpancmee MHo-
2ounenos R, [x] cmenenu ne eviwe n:
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4. P:p(x)— p0)z.
Pemenue.

1. TlockosbKy onepatop ciapura obpatum, T~ 'p(z) = p(z — 1), ero obpazom siBjseTcs BCe TIPo-
crpancTBo R, [z], a sipo — Hysesoe.

2. Omeparop R aBigerca napomonueii: R2 = id; mosroMy ero ob6pas cocTapiseT Bce IPOCTPAHCTBO
R, [z], a ssapo — HyseBoe.

3. Jlerko BUzeTb, 4TO 00pas omepaTopa ) COCTOUT M3 BCeX MHOIOWICHOB, JeIAIINXCA Ha T2, a
AP0 COCTOUT U3 BCEX JIMHENHBIX MHOT'OYJIEHOB.

4. O6pas oneparopa R COCTOMT M3 BCEX MHOI'OYJICHOB, IPONOPIMOHAJLHBIX MHOIMOYICHY I, T.€.
Im P = (), a si/[po COCTOUT U3 BCEX MHOTOUJIEHOB, OOpalaronmxcs B Hysab upu & = 0, T.e.
HeJsdmmxed Ha . [

2.3 CobcTBeHHDBIE 3HAYEHUSA U COOCTBEHHbIE BEKTOPBI

SAIAYA 37. Hatimu cobcmeennvie 3HaveHus u cobcmeennvie sexkmopn, onepamopa P npoexmupo-
sanus Ha nodnpocmparcmso Vi napasnsesvro nodnpocmparcmey Vo u onepamopa R ompastcernus
ommocumervro Vi napasiesvro Vs.

Permenne.

Bce npoctpancrso V' packiajpiBaercd B mpaMyio cyMmmy: V' = V3@ Vs, T.e. TPOU3BOJILHBIN BEKTOP
v € V mpencraBiigercs B BUIE U = Uy + Vg, Tje v1 € Vi, vy € V5. IlosTromy, /151 IpON3BOJIBHOIO
BeKTOpa v € V mMmeeM:

P(v) =v1, R(v)=wv1 —s.

9TO O3HAYAET, YTO MOIPOCTPAHCTBO Vi sBJISIETCS COOCTBEHHBIM, COOTBETCTBYIOIIMM COOCTBEHHOMY
3HAYEHUIO A = 1 cpasdy Jjist 000MX OIIEPATOPOB, & MOAIIPOCTPAHCTBO Vo sIBJIgeTCA COOCTBEHHBIM, COOT-
BETCTBYIOIIUM COOCTBEHHOMY 3HadeHnio A = () /ij1st onieparopa P, u cOOTBETCTBYIOIIIMM COOCTBEHHOMY
3HavueHnio A = —1 jig oneparopa K. [

SAIAYA 38. Hatmu cobcmeenHble 3HAMEHUA, UL KPAMHOCTIU U COOCMEEHHDIE NOONPOCMPAHCMEN
Aunetinozo onepamopa f, 3adannozo ceoeti mampuueti 8 HEKOMOPOM 0a3UCE:

5 —2 0
A;=|4 -1 0
8 —4 1
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Pemienne.
Haitném xapakTepucTUdecKnii MHOTOYJIEH JTaHHOI'O OllepaTopa:

5-XN =2 0
xr(A) = det 4 —1-=Xx 0 = X452 - TA+3=—(\—1)2(\-3).
8 —4 1=

Taxum obpazom, A = 1 u A = 3 ABIAI0TCA COOCTBEHHBIMU 3HAYEHUSAMU orieparopa f KpaTHOCTH 2 U
1 coorBercTrBenHo. HaiijéM Terepb cOOTBETCTBYIONMINE COOCTBEHHBIE TOIIIPOCTPAHCTBA:

4 -2 0 2 —1 0
A;—E=[4 20| —10 00|,
8 —4 0 0 00

T.e. COOCTBEHHOE MOJIIpocTpancTBO Vi, coorBercrBytomee A = 1, aymepno: Vi = ((1,2,0),(0,0,1)).
Jlast apyroro coOCTBEHHOTO 3HAYEHUA \ = 3 aHAJOTUIHO UMEEM:

2 =2 0 1 -1 0
Ay—3E=|4 -4 0| —10 2 -1/,
8§ —4 =2 0O 0 0

re. Vi = ((1,1,2)). O

SAIAYA 39. Hatimu cobcmeentvie 3HAMEHUA, UL KPAMHOCTIU U COOCMBENHBIE NOONPOCNPAHCMEN
AuMetMnoz0 onepamopa f, 3adannozo ceoetli Mampuyet 6 HeKomopom basuce:

3 10 0
1 10 0
Ar= 3 05 -3
4 -1 3 -1

Pernenne.
Matrpura oneparopa f 6JI09HO- THArOHAIBHA, [IO9TOMY €€ XapaKTePUCTUIECKN MHOTOUIEH NMeeT
BIT

X)) = (B =20 =2)+D((G=N)(-1-1)+9) = (A -2)",

T.e. A\ = 2 dABJIdeTCd €JIMHCTBEHHBIM COOCTBEHHBIM 3HaudeHueM KpartHoctu 4. [IpuBeném marpuiry
Ay — 2F Kk crynmendaToMy BHIY (B JAHHOM ciydae yao0Hee, 4TOOLI CTYIEHbLKH LK B APYIYIO CTO-

pOHY ):

1 -1 0 0 1 -1 0 0
1 10 0 1 01 -1
3 03 3| 710 00 o
4 -1 3 -3 0 00 0

Jlerko BujieTh, 4T0 cOGCTBEHHOE MPOCTpaHCTBO Vs siBymepno: Vo = ((1,1,0,1),(0,0,1,1)). O
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2.4 2KopaanoBa dpopma

SAJAYA 40. Hatimu cobecmeennvie 3Havenus U KoOpHesve noonpocmpaHcmen AUHETH020 ONnepamo-
pa, 3a0aHH020 Mampuyet

0 —2 3 2
1 1 -1 -1
A=109 0o 2 0
1 -1 0 1

Pentenwue.

Xapakrepucruueckuii Muorodsien MaTpuipl A umeer B X 4(A) = AT — 4X3 + 402 = \2(\ — 2)%
[Tockonbky oba coOCTBeHHBIX 3HaUeHUss A = (0 m A = 2 ABYKpPATHBI, COOTBETCTBYIOIIIE KOPHEBLIE
npocrpancTBa Vy u Vo IBYMEPHBI.

Pacemorpum criepsa A = 0; coorBercTBytommumit cobctBernbiii Bekrop umeet sug (0, 1,0, 1). Bos-
BeJIEM MCXOJIHYIO MaTPHILY B KBaJPaT:

0 —4 8 4

, [0 o000

A=lo 040
0 —4 4 4

JIEPKO BUJIETH, YTO KOPHEBOW BeKTOp BbicOTHI 2 mmeer Buj (1,0,0,0). Takum 06pazom, MOCKOIbKY
asredpanmveckas KpaTHOCTh KOpHA A = () paBHa JBYM, KOPHEBOE IOJIIPOCTPAHCTBO V() IByMEpHO U
mmveer Bug Vo = ((0,1,0,1),(1,0,0,0)).

PaccmoTpum Terepnb jipyroe coOCTBEHHOE 3HAYUEHUE A = 2, COOTBETCTBYIONINN €My COOCTBEHHBII
BekTop umeer Bug (1,0,0,1). [TockombKy

4 4 —4 —4
-4 0 4 4
J— 2:
(A—2E) Ooo0 0 0|’
-4 0 4 4

KOPHEBOIT BeKTOp BbIcOoTH 2 nmeet Bu (1,0, 1,0). Takum obpasom, Vo = ((1,0,0,1),(1,0,1,0)). O
[Ipexke yem paszdbmpaTh 3aj@a4M Ha HAXOXKJIEHWE KODPJIAHOBON (OPMBI M KOpJ/aHOBa Oasmca
MaTpHI] JUHEHHDBIX OIepaTOPOB, OIMIIEM KpaTKo oOmmuit ajaroput™. [lycTh JuHelHBIH onepaTop
f V. — V 3anan cBoeit marpuneit Ay B HekoTopoM Oasuce. IIpexke Bcero Heobxoammo HaiiTh
ero XapaKTepHCTHYeCKuil MHOro4IeH X (). Paccmorpum nocieoBareibHO HECKOJIBKO CILydaes.

A. Huavnomernmmwniii onepamop.

Ecmm xf(A\) = £\, 10 yuHeiinblil oneparop f — HUIBIOTEHTEH. JTO O3HAYAET, UTO HaflgéTCs
Takoe HaTypasjbHoe k < m, uro fF = 0. Be3 orpaHmyeHns OGIIHOCTH MOXKHO CUHTATh, 49TO Kk —
MUHHMaJIbHas CTelleHb, B KOTOPOi omepaTop f obpalaercd B HyJb. DTO O3HAYaeT, 9TO k — 3TO
MaKCUMaJbHBIN pa3Mep YKOPJAHOBOM KJIETKU B KOpJaHoBoil ¢opme oneparopa f. IIpeanosoxum,
YTO YKOPJAHOB Oa3uc jyisg oneparopa f yxke Haiijen. Torma, eciu 3anucars MaTpuily omeparopa f
B 9TOM 0a3uce, MblI MMOJYINM OJIOTHO-TMATOHAIBLHYIO MATPHUILy C HYJISIMH Ha TJIABHOHN TUATOHAJIN.
JIerko BUJIETh, 9TO €€ paHT paBeH N — 1, TJIe N — Pa3MEePHOCTh MATPHUIIbI, & " — KOJUIECTBO KJIETOK
B Kop/1aHoBoit bopme. ITocko/IbKY paHr MaTpHUIlBI OollepaTopa He 3aBHCHT OT BbIOOpa Oasmca, 3TO
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COOTHOIIICHUE CIIPABEJINBO H JJjId MaTPUIBl ollepaTopa B ucxogHoMm basuce. IlycTs r; — Kommue-
CTBO 2KOP/IAHOBBIX KJIETOK pa3Mepa j B YKOPJaHoBoil opme oneparopa f. Torja moydeHHoe Bbiiie
COOTHOIIIEHNE MOYKHO 3aIuCaTh B BUJIE

T1+7’2+-~~—|—7’k:n—rkAf.

PaccmoTpuM Teneps MaTpuity AZ%; Ipu BO3BEIEHMH B KBaJpaT ef »KOPJAHOBOH (DOPMBI, B KazKI0M
KJIeTKE KBa3U/INArOHAIb, COCTOSINASA U3 €JIMHUIL, TTOJHIMETCSI Ha OJIUH P/l BBIIIE. DTO O3HAYACT, ITO
PAHT KazK/JI0# 2KOP/IAaHOBOI KJIETKU pasMepa 2 ujiu 00oJIbIlle B XKOP/IAHOBOI (hopMe MaTpPHUILbI A? Oymer
Ha 2 MeHbIIe eé pazMepa (KOPJAHOBA KJIETKA pa3Mepa OJInH — HyJieBas). TakuM oOpa3oM, KazKiast
KJIeTKa pa3Mepa 2 u O0JIbIlle BHOCUT BKJI&J 2 B NMaJEHUE paHra MATPUIbI Afc 110 OTHOIIIEHUIO K €€
pa3mepy, a KaxKjas KiaeTka pasmepa 1 — Bkjaj 1. Takum obpazom, mmosrydaem eIé oJiHO ypaBHEHHE:

7,1+2<7,2+7»3_|_..._|_7»k):n—rkAfc.

[Ipoomkas JaIbIe, PaCCMOTPUM MATPHUILY A?c. KBasumaronam, cocTodlnmue U3 eJIUHUIL, Y BCEX
KJIETOK pa3Mepa He MEHbINe, 9eM 3, CJIBUHYTCS €Ié Ha OJUH PsJI BBIIE. DTO O3HAYAECT, ITO KaXK/1as
JKODJIAHOBA KJIETKA pasmepa 3 win GoJibllle BHOCHT BKJIAJ 3 B HajeHue PaHra (KJIeTKH MEHbIIEro
pasMepa OOHYJIAITCs ). DTO JAaET HAM eIlE OJHO ypPABHEHUE:

r1+27’2+3(7“3+"'+7”k:):n_rkA?”'

[Ipomomkas mporiece, MmoryvdaeM JIMHEHHYIO HEOJIHOPOIHYIO CUCTEMY

ri4ro+rs+oo+ry=n—rkAf (rit g = n—rk Ay

— 2
ri420ry+ s+ oo+ ) =n—1k A7 ro4+ry+-+rp = 1tkAp —1k A}
r+2ry +3(rs+ ) =n—1k A} = rs4 - +rp = tkA} —rk A} (2.1)

14 2ry 4 3rs 4 -+ + kry = n — tk A}

\

rr, = 1k Al;_l —1k Al}

[TockopKy MaTpuIia mocjeHell JIMHEHHON CCTeMbl BEPXHETPEYTOIbHA, €€ ONpeIeTuTe b OTIANIEH
OT HYyJIsI, ¥ COOTBETCTBYIOIasi CUCTEMa WMeeT eIMHCTBEHHOe perrenne. Takum obpa3oM, 6 meopuu
110/100Has MPOIeAypa MO3BOJISIET HANTH >KOPJAHOBY (OPMY IPOU3BOJILHOIO JIMHEHHOTO OllepaTopa.
OjHako, na npaxmuke, KAk CTaHET MOHATHO P Pa3zdope TPUMEPOB, B KaXKJI0M KOHKPETHOM CJIydae
HET HeOOXOJIMMOCTU BBIMUCHIBATH M PENIATh TaKyI0 CUCTEMY yPaBHEHUI IEJIMKOM, MOCKOJbKY INpH
JIOCTATOIHO HEOOJIBIIIOM pa3Mepe MaTPHIIbl BCsd MHMOPMAIs O KOJIHIEeCTBE KJIETOK TOI'O MJIM HHOTO
pasmMepa ObICTpee TOJTyIaeTCsl yTEM PACCMOTPEHUSI ITEPBBIX JIBYX-TPEX YpaBHEHUI 9TON CHUCTEMBI 1
repebopa pas/IMIHbIX BAPUAHTOB pa3OueHus Yucjaa n B CyMMY 71 + 1y + - -+ + 1. OTMernm, 910 B
cjlydae HIJIBIOTEHTHOIO OllepaTopa MOc/ejHee ypaBHeHrne B cucreMax (2.1) HeMHOro ympormaercs,
nockosbKy rk A% = 0; B ToM BHe, B KOTOPOM 3TH CHCTEMEI IIPUBE/ICHLI, OHI CIIPABEIINBEL B B 60JIee
obrmeM Bujie (CM. HEXKe).

Tenepb 06cy M IpoIiece OCTPOEHUS KoptaHoBa ba3uca. [ Havaa HeoOX0IMMO B3ATh KaKyIo-
HUOYIb MAKCUMAJIbHYIO CHCTEMY BEKTOPOB {egk),egk), - ,e,(j,:)}, u3 nomnpocrpancrea Ker f* (ko-
TOpOE B JAHHOM CJIy4Yae COBIAJAeT CO BCEM IPOCTPAHCTBOM V'), JIMHEHHO HE3aBUCUMYIO OMHOCU-
meavno noonpocmpancmea Ker fF~1 C Ker f¥. Dro o3nauaer, 4T0 HUKaKas HETPUBHUAJIbHAS JIH-
HeliHasd KOMOMHAIIA STHX BEKTOPOB HE JOJIXKHA HPHHAJIIeXKATh HoaIpocTpancTBy Ker fF! (uHBI-
MU CJIOBaMH, JIOCTATOYHO BHIOpaTh Joboit Gasuc B daxTop-npoctpanctse Ker f¥/ Ker f¥~1 u pac-
CMOTPETH TIPOU3BOJILHBIE TPOOOPa3kl BEIOPAHHBIX BeKTOpoB B Ker f¥ mpm ectecTBennoil mpoexim
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7 : Ker f* — Ker f*/Ker f*~!). Ilocrpoennbie BeKTOPHI sABIAIOTCS CTAPITMMU KOPHEBBLIMU BEKTO-
paMu U COOTBETCTBYIOT *KODPJAHOBBIM KJIETKAM pa3Mepa k; MO3TOMY WX KOJHUYECTBO COBIAJAET C
KOJIMIECTBOM KOP/IAHOBBIX KJIETOK MaKCHMaJbHOU pasmepHocTu. /lasee mpumenum omeparop f K
yzKe IIOCTPOCHHBIM BEKTOPaM M IOJYy4YUM BEKTODBI

(k=1)  (k-1) (1)
N N (2.2)
r (k=1) _ f (k) i =1.2 K fk—l
e e; = f(e;") mnsa Beex j = 1,2,...7%, IpuHAJIeKaIHe MonpocTpancTey Ker . Homos-
HUM HX 0 Ker f#1 (k1) (k1) =1, +
10 Gasuca noanpocrpancrea Ker BEKTOPAMH €, (1. .., Cs 1, THE Sp_1 = Th + Th_1,
TaK, 9TOObI BCS CUCTEMa,
(k-1)  (k-1) (h-1)
O N

OBLIIa JTMHEIHO He3aBUCHMa OTHOCHTEILHO monpocTpancTsa Ker f¥72. BekTopsl, KOTOPBIMHI MBI J10-
HOJIHIIIK cucTemy (2.2), SBJISIIOTC KOPHEBBIMU BBICOTBI k—1 1 COOTBETCTBYIOT KOPIAHOBBIM KJIETKAM
pasmepa k — 1. IIpomoszkumM mmporecc: JOIMyCTHM, Y2Ke ITOCTPOEHbI KOPHEBBIE BEKTOPHI

eI eI ,eg’l) (2.3)
BBICOTHI §, TJIE S =T+ 71+ -+ 1j. Torma momostHsIss ©X 00pa3bl MO, JEHCTBHEM OIIepaTopa
f mo 6aszmuca B noanpoctpancTse Ker f7/~! tak, 9To6BI TIOMyUeHHasA cucTeMa Obla JIMHEHHO He3aBU-
cMa OTHOCHTEIBHO HopocTpancTsa Ker f772, MBI OCTPOMM KOPHEBBIE BEKTOPHI BBICOTHI j — 1.
OnrcaHHbBII TPOIECC 3aKOHIUTCS, KOTIa MBI JIOfIeM /10 KOPHEBBIX BEKTOPOB BBICOTHI 1, T.e. JI0 COO-
CTBEHHBIX BEKTOPOB. VCKOMBI YKOpJIaHOB 6a3MC sABJISETCs 00bEIMHEHNEM CHCTEeM BEKTOPOB (2.3),
IIOCTPOEHHBIX Ha J-TOM IIary 3TOro IIpoliecca.

Ker f* egk) eék) o 67(«]]:)
Lfo s Lf
Ker fk-1 egkfl) eékil) o eﬁifl) (35]}:1) eff:jé) o egij)
VrEoLf U Lf
Lflf I Y Lf
Kerf | e e W

2Kopanosa dhopma JTUHEHHOTO orepaTopa OIpe/ie/ieHa OJIHO3HATHO C TOYHOCTBIO JIO MOPSIKA
JKOPJIAHOBBIX KJIETOK, KOTOPBIl MBI MOXKEM BBIOMPATH MPOon3BOIbHO. OIHAKO, TPU TOCTPOEHUN KO-
JlaHOBa Dasuca MOpsJI0K BEKTOPOB B HEM JIOJI?KEH COOTBETCTBOBATH BHIOPAHHOMY TOPSIIKY YKOPIAHO-
BBIX KJIETOK. B IIpuBeAEHHOI BbIllle TaOJINIE KazK/Iblii BEPTUKAJIBHDIN CTOJI0EI] COOTBETCTBYET OTHOM
JKOPJIAHOBOIT KJIeTKe, IIPUYIeM HyMepalius BEKTOPOB B 9TOM CTOJIOIE (B COOTBETCTBUY ¢ KOTOPOil OHI
BXOJIAT B YKOPJIAHOB 6a3KC) WIET CHU3Y BBEPX T.K. CIIEPBa JIOJIZKEH MJITU COOCTBEHHBII BEKTOD, 3aTeM
— KOPHEBO# BBICOTHI 2, U T.JI. TakuM 00pa3oM, ecjim BEKTOPBI U3 3TON TaOJIUIIBI YIIOPSAI0UNBAIOTCS
B YKOP/IAaHOB 0a31c CHU3Y BBEPX B KaXKJIOM CTOJIOIE, & CTOJIOBI OepyTCs, HAIIPUMED, CJIeBa HAIIPABO,
TO YKOPJAHOBBI KJIETKI B COOTBETCTBYIOIIEH YKOPIAHOBOI (hopMe OYIAYT YIOPSI0UEHBI 10 YOBIBAHUIO.

B. Onepamop ¢ eduncmeentvim coOCMEEeHHbIM 3HAYEHUEM.

Ecmm xf(A) = £(X — A\o)", 1o numeitnsiii oneparop g = f — A\gld — mmabnorenren. ITpoms-
BOJIbHBII KOPJAHOB 6a3uc jyig oneparopa ¢ OyJeT HCKOMBIM, a KopaaHoBa ¢dhopma omeparopa f
OyJIeT OTIMYATLCS OT YKOPJAAHOBOH (DOPMBI OllepaTopa g TeM, YTO BO BTOPOM CJIydae Ha JUarOHaJIN
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BMeCTO HyJIeil OyJeT cTodTh Ag. TakuM oOpa3om, 9TOT cjiydail CBOIUTCS K CJIyYal0 HUJILIOTEHTHOTO
orteparTopa 3amenoi f na f — Ao Id.
C. Obwuti caywad.

B obmmem ciydae, T.e. KOLJa XapaKTePUCTHIeCKUi MHOTOWIEH X £(A) = (A — A1) ... (A — A )%
UMeeT I10 KpaifHeil Mepe JBa Pa3INIHbIX KOPHS, JUHEHHOe MPOCTPAHCTBO V' PaCKIIa/IbIBaeTCd B MPsi-
MYIO CYMMY KOPHEBBIX ITOITPOCTPAHCTB V; /1t oneparopa f, COOTBETCTBYIONINX COOCTBEHHBIM 3HAYTE-
HUSM J\;, KaXKJ[0€ U3 KOTOPBIX HHBapUaHTHO oTHOCUTE/IbHO f. [losromy mis kaxoro i = 1,2,...,¢q
KOPPEKTHO OIPEJIeJICHO OrpaHudenne f|y, Ha KOPHEBOE MOJIIPOCTPAHCTBO V;, MPUYEM 3TO OTDaHMU-
YeHUe SIBJISIETCSI OIEPATOPOM C €IMHCTBEHHBIM COOCTBEHHBIM 3HadeHmeM A;. [losromy Haxoxk1eHme
JKOPJIAHOBO (pOPMBI U 2KOp/1aHOBa Ha3mca B OOIIEM ciIydae CBOJIUTCH K HAXOXKJIEHUIO YKOPJIAHOBOI
dbopmbl 1 cooTBeTcTBYIONMErO 6asuca st oepatopos f|y;. Ha nmpakTuke 510 03HauaeT, 9TO J/IS Ha-
XOXKJICHUS 2KOP/IAHOBOI (hOPMBI U KOPIAHOBA Oa3uca HeoOX0IUMO TI0CIEI0BATE/ILHO PACCMATPUBATE
BCe COOCTBEHHBIE 3HAYEHUS \; U JJIs KarXKJ0r0 W3 HUX U3ydaTb BBIPOXKJIEHHBIH omepatop f — \; Id.
Qukcupyem HekoTopoe ¢ = 1,2, ..., q; B CUIy BBIpOXKgeHHOCTH onieparopa f — \; Id maiinérca Takoe
k, uro tk(A; — \)F*t = rk(A; — \)*. Bes orpanndennust obImuocTn MOKHO CUUTATb, 9TO Kk — Hau-
MeHbIIlee U3 YHCcesI, 0018 IaI0NIX THM CBOWCTBOM; JIETKO BUETh, uTO 0 < k < m, MMOCKOJIbKY A; —
He eJIMHCTBEHHOE COOCTBEHHOE 3HaueHUe (B CIydYae HUIBIIOTEHTHOIO OIlepaTopa Mbl UCKAJIM TAKYIO
MUHUMAJIBHYIO CTEIeHb, 9TO OIEePATOP B ITOH CTeleHn OOPATUTCS B HOJIb; B OOIIEM CJIydae, MbI
JIOJIZKHBI HAWTH TaKyl MUHUMAJBHYIO CTEIleHb, B IIPU BO3BEJIEHUN B KOTOPYIO PAHT MATPUIIHI OIle-
paropa crabusmsupyercsi). Torga pasMepbl 1 KOJHYECTBO YKOPJIAHOBBIX KJIETOK, COOTBETCTBYOIINX
COOCTBEHHOMY 3HAYEHMIO \; ONpEJessiorcs u3 cucreMbl (2.1), rje Ha MecTo onepartopa f Hocras-
sien oniepatop f — A\; Id. Ta gacTe kopjanoBa 6a3uca, KOTopas COJIEPKUTCS B MOJIIPOCTPaHCTBE V;,
CTPOUTCS TIO ONUCAHHON BBINIE CXeMe: HEOOXOIUMO B3STh MPOM3BOJILHYIO MAKCUMAJIbHYIO JIMTHEHHO
HesapucnMyto cuctemy BekTopos 3 Ker(f — \; Id)*, BekTopbl KOTOPOIt HE3aBUCUMBI OTHOCHTETHHO
nommpocrpanctsa Ker(f — \; 1d)*~!, pacemorpers wx o6pasel mof eiicTsrem omepatopa f — A, Id,
JonosHuTh 1o 6asuca B Ker(f — A\ Id)*1 u r.i1. Exuncreennas pasnuna co ciydaem olepaTopa ¢
OJIHUM COOCTBEHHBIM 3HAYEHHEeM COCTOUT B TOM, YTO B TOM cilydae nojanpoctpanctso Ker(f — \; Id)*
COBIIAJIAET CO BCEM IIPOCTPAHCTBOM V| UTO He Tak, KOTJa y oleparopa ecTh 0 KpailiHeil mepe jaBa
PA3JIMIHBIX COOCTBEHHBIX 3HAYCHUSI.

d3

3AAYA 41. Hatdmu oicopdanosy gopmy u sicopdanos basuc onepamopa 7— mperkpammnozo dugipe-

peryuposanus 6 npocmpancmee Ris[x] mHozousenos ecmenenuu ne evwe 12.

Pemenne.

JIerko BuIeTh, 94TO OnepaTop TPEXKPATHOIO JuddepeHImpoBanms B JIIOOOM KOHEIHOMEPHOM 10,1~
HPOCTPAHCTBE JINHEHHOI'O ITPOCTPAHCTBA BCEX MHOIOYJIEHOB HMJIbIIOoTeHTeH. Takum obpazom, A = (
SIBJISIETCSI €TI0 €IMHCTBEHHBIM COOCTBEHHBIM 3HadeHueM. [[ocKo/IbKY siipo oreparopa % TPEXMEPHO
(OHO COCTOHUT M3 BCEX MHOTOUJIEHOB CTENEHN HE BBIIIE 2), ero KopJaHoBa (hopMa COCTOUT U3 TPEX

2
3
KJIETOK. #171po omeparopa (%) IMEeCTUMEPHO, T.€. PAHT 3TOTO OllepaTopa Ha 3 MEHbINe, YeM PaHT

3
oriepaTopa %; 9TO O3HAYAET, YTO PA3MEPHOCTH BCEX YKOPJIAHOBBIX KJIETOK 00JibIlle eIuHUIbL. [lasee,

MTOCKOJIbKY
. &\ . &\
dim Ker s = 9 m dimKer prcl 12,

JKOPJIaHOBa, (hOpMa pacCMaTPUBAEMOr0 ollepaTopa He UMeeT KJIeTOK pasmepa 2 u 3. Takum obpaszom,
nockosibky dim Rys[z] = 13, :kopmanosa dopma oneparopa TpéXKpaTHOro judbepeHInpoBanus B



38 I'maBa 2. Jluneitnbpie omepaTopbl

9TOM IIPOCTPAaHCTBE UMEET BUJ

J4(0)
J d3 = J4(0)
3
[Iepeiigém Terephb K IMIOCTPOEHUIO YKOPAAHOBa Oasuca €1, €, . . ., e13. B KadecTBe crapiiero KopHe-

3
BOI'O BEKTOPa €13 MOXKHO B34ATb JII0001 BEKTOD U3 dJIpa OllepaTopa <j_z3) (T.e. JII000i1 MHOrO4JIeH

. a3 4 212 "
u3 Ryp[z]), ne nexkamuit B saape (7 ) . [lomoxum ez = 5. Haitném Temeph KopHeBble BEKTODHI
BLICOTBI 4, OJIMH N3 KOTOPBIX IIOJIYYaeTCA aBTOMATUICCKHU:

d? z?
€12 = dr S 3613 = o1

d3
da®

#\° \*
Ker <@> , T.e. HAWITU TaKHe BEKTOPHI €4 U eg u3 Ker <@> , YTO OHU BMECTE€ C BEKTOPOM €12 U

4
HeO6XO,ZLI/IMO JOIIOJIHUTL €ro 0 basuca IIPOCTPaHCTBa Ker( ) OTHOCUTEJIbHO IIOAIIPOCTPaHCTBa

& \° @ \!
IIPOM3BOJIbHBIM OazucoMm nojnpocrpancrsa Ker ( 7 ) manyT 6asuc Ker () . Jlerko Bugers, 1o
BEKTOPBI

Ill Il()

“TTn % T Ior

VJIOBJIETBOPSIIOT 3TOMY TPEOOBAHUIO, ITIOCKOJIBKY BCE TPU IIOCTPOEHHBIX KOPHEBBIX BEKTOPA BBICOTHI 4,
KaK MHOIOYJIEHBI, UMEIOT pasjndnble crernenn. OcraabHble BEKTOPDI *KOPIaHOBa 0a31ca, Oy Iai0TCs
aBTOMATUYECKH: KOPHEBBIE BEKTOPHI BHICOTHI 3 UMEIOT BU/I

d3 a8 a3 x’ d3 2

€3 = _da:364 = g, €7 = _da:3€8 = 77 €11 = dx3612 ﬁ

Anajornano IIoJiydaeM KOPpHEBbI€ BEKTOPbLI BHICOTLI 2

d? xd a3 xt a3 x3

“ = dx363 517 %= dx3e7 417 elo_dx3ell 3!

1 KODHEBBbIE BEKTOPBI BBICOTHI 1 (T.e. COOCTBEHHBIE BEKTODHI)

d? x? d? T d? L O
€1 = 5362 = o7 €5 = 7266 = 3 €9 = ——=€10 =
da? 217 da® 1 dx?
SAIAYA 42. Hatdimu orcopdarosy dopmy, otcopdaros 6a3uc v MUHUMGALHDBIT MHO20YMAEH OAA AU-
HEUH020 ONEPANOPA

OO O =N
o O O OO
OO OO
_ =N O O
o= O O = O
O R = =) OO
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Pemenne.

Jlannast MaTpuia uMeer OJIOYHYIO CTPYKTYPY, HpUYIeM e€ JIEBbII HUKHUME 3 X 3-OJI0K COCTOUT
JIMIIb U3 HyJeil. DTO 03HAYAET, UTO €€ XapaKTePpUCTHIECKU MHOTOYWIEH SIBJISETCS IMPOU3BEICHUEM
XapaKTepI/ICTI/I‘{eCKI/IX MHOTI'OYJICHOB AMal'OHaJIBHBIX 6JIOKOB u, HOSTOMy, MOZKET 6bITb JIETKO BBIYUC-
JIEH:

2— A 0 1 1 0 0
I 1—-Xx 1 0 1 0
—1 0 —A 0 0 1
det(Af — AE) = det 5 003 1| =
0 0 0 1 1-Xx 1
0 0o 0| -1 0 -\
2— A 0 1 2— A 0 1
= det 1 1—=X 1 |]-det 1L 1-Xx 1 ]=01-)\"%
—1 0 —A ~1 0 —A

Taxum 0O6pazoM, XapaKTepUCTHICCKUN MHOTOMIEH OIEPATOpa MMEET €IUHCTBEHHbIH KOpeHb A = 1
kparnoctn 6. 3ammmem Marpuily Ay — E n npuBeséM eé K CTyIeHIaToOMy BHJLY:

10 1 10 0
R T
A=E=| 00 o 10 11—l000101
000011

00 0 10 1

00 0 —10 —1

Takum obpasom, rk(Ay — E) = 3, a cOOCTBEHHOE IIOAIPOCTPAHCTBO, COOTBETCTBYIOIIEE €/[IHHCTBEH-
HOMY COOCTBEHHOMY 3HAYECHHMIO A = 1, 3a/1aéTCsd JIMHEWHON CUCTEeMOI

ZL‘1+$3+IE4:O
1’4—1-.1'6:0 . (24)
LE5+I6:0

KOJIBKY ITPU BRIYUTAHUNA A\ = 1 110 JuAroHaAIN PAHT MATPUIIHI YA H K HOB Ma MaT-
ITocko a A = 1 no jguarona a a aJ1 Ha 3, JKopgaHoBa (popma Ma
purpl Ay cocronT U3 TPEX KaeTok. JId HaXoXKIeHNsA pa3sMepoB 3TUX KJIeTOK HalIEM PaHT MaTPHIIBI

(Af — E)*

000 20 2
000 20 2
000 —20 -2
Ar=E=|000 00 ofl—(000101)
000 00 O
000 00 0

Jlerko Buzers, uro rk(A; — F)? = 1, a NOANPOCTPAHCTBO KOPHEBBIX BEKTOPOB BBICOTHI He GoJtee
2 3a/1aéTCcd eTMHCTBEHHBIM ypaBHeHUeM x4 + T¢ = (. IlockosbKy TIpu BO3BeJIeHUN B KBaJIpaT PaHT
MaTpunpl Ay — E ynan nHa 2, KopfanoBa GopMa COJIEPXKUT JiBe KJIETKH pa3Mepa Gojbine 1, a Tak
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KaK MaTpuila uMeer pa3mep 6 X 6, e IMHCTBEHHAsT BO3MOXKHOCTh — 9TO TPU KJIETKHU pa3MepoB 1, 2 u
3. Takum obpaszoM, KopjiaHoBa (popma UMeeT BU/L

J3(1)
Ji(1)

[Tocrponm Tereps KopaanoB 6asuc {ey, s, . . ., €}, COOTBETCTBYOIMIUIT HAiIEHHOI 2KOPIAHOBOIT (hop-
wme. [Tockombky (Ay — E)? = 0, Bce BEKTOPBI sIBJISIIOTCSI KOPHEBBIME BBICOTBI He Gojiee 3, T.e. B Ka-
YeCTBE €3 MOYKHO B34Th IIPOU3BOJILHBIII BEKTOD BBICOTHI 3, T.€. JJOCTATOYHO BHIOPATH JIIOOOI BEKTOD,
He YJIOBJIETBOPAIONINI YCJIOBUIO T4 + T¢ = 0; JJIsT TPOCTOTHI JAJIbHEUINNX BBIYUCIEHUN TTOJIOKUM
es = (0,0,0,0,0,1). Torma

e = (f —id)es = (0,0,1,1,1,—1), e = (f —id)es = (2,2,-2,0,0,0).

Tereps B KavecTBe €5 MOXKHO BEIOpATh J11000i KOPHEBOI BEKTOP BBICOTHI 2, KOTOPHIil JINHEITHO He3aBU-
CUM C BEKTOPOM €5 OTHOCHTE/IbHO COOCTBEHHOI'O MTO/IIIPOCTPAHCTBA, T.€. JJOCTATOYHO I000paTh TaKoe
pertieHne ypaBuenusi x4 + rg = 0, KOTOpoe JIMTHEITHO HE3aBUCUMO C €9 M TaKoe, UTO HUKaKasd HeTPU-
BUAJIbHAS JINHETHAsT KOMOUHAIMS BEKTOPOB €5 U €5 He SBJISIeTCsS COOCTBEHHBIM BeKTOPOM. [lostoxkim
es = (0,0,0,—1,0,1); TOCKOJIBKY BEKTOD €3 HE SBJSETCS COOCTBEHHBIM, JTOCTATOYHO POBEPUTH, 9TO
BEKTOD €3 + aes He yJoBjeTBopsier cucreme (2.4) uHu npu kakoMm « # 0. [eiicTBuTesbHO, 0CTAB-
Jisisl KOOPJIMHATHI 9TOr0 BEKTOPA B MOC/IE/[HEee ypaBHEHUE CUCTeMbI (2.4), HEMEJJIEHHO TI0JIyYaeM, 9To
a = 0. Torma BekTOp

€4 = (f - id)€5 = (—]_,O, 1,0,0, O)

JINTHEHO HE3aBUCHUM C YK€ IOCTPOCHHBIM BEKTOPOM €1 Toil ke BbIcOTHI 1. Takmm obpa3oMm, Bed cu-
crema {ey,...,es} nuneitHo HezaBucuma. [locseHnit 6a3UCHBIN BEKTOD JOJIZKEH OBITH COOCTBEHHBIM
(T.e. JIOJZKEH YAOBJICTBOPATH cucteMe (2.4)) U JOKeH ObITh JIMHEHHO HE3aBUCHM C BEKTODAMH €
u ey. Jlerko Bujersb, uro BekTop eg = (1,0,0,—1,—1, 1) ymosnerBopsier srum TpeboBanusiv. Taxkmm
00pa30oM, BEKTOPHI €1, . . . €g 00pa3yIOT KOP/IaHOB Ha3uc.

[TockompKy XapaKTepPUCTUIECKUIl MHOTOWIEH olleparopa f MMeeT eJMHCTBEHHBIN KOPeHb A\ = 1,
a MaKCHMaJIbHast XKOPJIAHOBA KJIETKA MMeeT pasMep 3, MEHUMAJIbHBIH MHOTOWIEH M f(\) NMeeT BH/L

mr\) = (A —1)%. 0

SAIAYA 43. Hatimu otcopdanosy dopmy, scopdanos 6a3uc U MUHUMAALHOITL MHO20YAEH OAS AU-
HEUH020 ONEPAMOPA

012 -2 2 2 -1 8
000 -2 1 0 -2 16

000 1 -1 —2 —1 —14

y 000 0 -1 -3 —2 -9
~looo o 1 1 =1 2
000 0O O 1 1 3

000 0 0 0 1 1

000 0O O 0 0 1

Pernenne.



2.4. 2Kopnanosa opma 41

[Tocko/bKy JaHHas MaTPHUIA BEDXHETPEYTOJIbHA, €€ XapaKTePUCTHIeCKuil MHOrO4IeH X () nMe-
eT JIBa YeTBhIPEXKpaTHBIX KOpHA: A = 0 u A = 1. Herpyano npoeputsb, 410

o000 3 6 -1 23
oo0oo0oo0 3 7 1 34
0000 -2 -6 —4 —-32

42— 0000 -1 -4 —4 =22
I 0000 1 2 -1 6
o000 0 1 2 7
0000 0 0 1 2
0000 0 0 O 1

Panr marpunst Ay pasen 6, a panr MaTpuribt A?c paBeH 4; 9TO O3HAYAET, UTO KOpJaHOBa (popma
orieparopa [ COJEpPKUT JiBe JBYMEpPHbIE KJIETKH, COOTBETCTBYIOIINE COOCTBEHHOMY 3HadeHnio A = (.
Jlerko 3ameTnTh, 9TO Marpuia Ay — I mMeer paHT 7; 9TO O3HaYaeT, YTO COOCTBCHHOMY 3HAUCHUIO
A = 1 cOOTBETCTBYET TOJILKO OJTHA KOPJIAHOBA KJleTKa. TakuM 0o0pa3oM, HCKOMas KOpJIaHoBa hopma
UMeeT BU/I

J2(0)
J= J2(0) :
Ja(1)

a MMHUMAJIbHBI MHOTOUJIEH ornepaTopa f uMmeer mectyio crenenb: my(A) = A2(A — 1)%,

[TocTpouM Temepb COOTBETCTBYIONIHIA KOPJAAHOB Oasuc. B kauecTBe BEKTOPOB €y U €4 (T.e. KOp-
HEBBIX BEKTOPOB BBICOTHI 2) MOXKHO B3$Th, HAIIPUMED, BTOPO U YeTBEPTHINA BEKTOPHI CTAHIAPTHOIO
Gasuca B R® coorBercTenno. JlefiCTBUTENILHO, B 3TOM CJIydae BEKTOPBI

1 0 —2 0
0 1 —2 0
0 0 1 0
0 0 0 1
e = f(eg) — 0 , €y = 0 , €3 = f(€4) = 0 , ey = O ,
0 0 0 0
0 0 0 0
0 0 0 0

JIMHETHO HE3aBUCUMBI U 00pa3yoT 6a3uc B KOPHEBOM IIPOCTPAHCTBE, COOTBETCTBYIONIEM COOCTBEHHO-
My 3Havenuio A = 0.

st moctpoeHust 6asuca BO BTOPOM KOPHEBOM ITPOCTPAHCTBE HEOOXOAMMO HANTH KaKOH-HUOY b
KOPHEBO{I BEKTOD BBICOTHI 4, T.e. BEKTOp, aHHysmpyommii Mmarpuiy (A; — F)*, Ho He aHHY/IMpYyOMMit
marpuny (A — E)3. TlockoabKy

-1 3 6 -6 0 -3 2 1
0 -1 0 —6 -3 —11 -4 8

0 0 -1 3 1 4 1 —4

5 0O 0 0 -1 -1 -2 —1 —1

(A —EB) = o 0 0 0 0 0 0 1
O 0 0 0 0 0 0 0

o 0 0 0 0 0 0 0

o 0 0 0 0 0 0 0
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u
1 -4 -8 8 1 4 -2 3
o 1 0 8 5 15 6 =5
o o0 1 -4 -2 —6 -2 2
4| 0O 0 0 1 1 2 1 0
Ar=EV=19 0 0 0o 0o 0o 0o ol
o o o0 o0 o0 0 0 O
o o0 o0 o0 0 0 0 O
o o o0 o0 o0 0 0 O
MOXKHO MOJIOKUTh eg = (1,5,—2,0,0,0,0,1); Torma ocrajbHble BEKTOPbI XKOP/JIaHOBa 0a3nca HAXO-

JATCA aBTOMaTHUYCCKU:

8 6 3

11 7 3

—12 —6 —2

. -9 ) —4 . —1

er = (f —id)(eg) = 5 | es = (f —id)(e7) = 5 | es = (f —id)(eg) = ) O

3 1 0

1 0 0

0 0 0

2.5 @OyHKIUU OT MATPUI]L

11
A_(_13)
Pemienue.

[TockoyibKy HeENocpeICTBEHHOE BO3BEJICHHE MATPUILI B OOJIBIIYIO CTEIeHb HE IPEJICTAB/ISAETCS
Pa3yMHBIM, IIPUBEJIEM JIAHHYIO MaTPHILY K »KOP/iaHoBoit ¢opme. HeTpy iHO IpoBepHUTDH, ITO MaTPHUIA
A wmMeer eMHCTBEHHOE COOCTBEHHOE 3HavYeHHMEe A = 2; MOCKOIBKY rk(A — 2E) = 1, KopjaaHoBa

BAIAYA 44. Bwumucaums A, 2de

dopma J Marpuibl A cOCTOUT U3 eMHCTBEHHOM YKOPIaHOBOi KIeTKn padra 2. B kauecTBe KOpHEBOIO
BEKTOPa BO3BMEM BEKTOD €5 = (1,0) (MOXKHO B34Th 110601 BEKTOD, He SIBJISIONIANCS COOCTBEHHBIM );
TOIrJIa COOCTBEHHBIN BEKTOD

elz(A—2E>el=<j 1)((1)):(:1)

JIOTIOJIHSIET BEKTOP €1 JI0 »KOop/iaHoBa Oasuca. Marpuria mepexoja K »KOPJAAHOBY 0a3HUCy UMeeT CJie-

JAYIOIUN BUI;:
-1 1
c=(10)

eer mecTo MaTpmanoe paserctso J = C1AC, orkyna A = CJC~1; mostomy

A = (CJC_1)5O —cJjot.cjgot.....cJjCct = JrPc1.
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2 1\ [ 250 50.29\
02) ~\ o 20)
IIO3TOMY,

50 om0t [ =11 250 50 .24 0 =1\  .s0( —24 25
AT =0J70 _(—1 0 0 250 1 -1 )72 o5 26 )

SAIAYA 45. Buuucaums cos A, ade

Jlerko 3aME€TUTb, 9TO

3 -8 3
A= 1 =3 1
0 -1 0

Pemienne.

[IpuBeiém criepBa JJAaHHYIO MATPUILy K KOPJAaHOBY Bury. HeTpyiHO TpOBEPUTH, UTO €€ XapaKTe-
PUCTHYIECKUT MHOTOWIEH UMeeT BUJL X 4 () = —)\3. 970 o3HAUaeT, uTo A = () ABJIAETCH €IMHCTBEHHBIM
cobcTBenHbIM 3HadYeHneM MaTpuiibl A. [Tockosibky MaTpuna

1 -3 1
A% = 0 0 0
-1 3 -1

nMeeT paHr 1, »KopjiaHoBa (popMa MCXOIHON MATPHUIIBI COCTOUT U3 €TMHCTBEHHON TPEXMEPHOi KJIeT-
KW:

J =

o OO
o O =
O = O

JIy1 HAXOXKIeHUsT COOTBETCTBYIOIIErO »KOPAaHoBa 6asuca HalIEM KOPHEBOI BEKTOD BBICOTHI 3: II0-
CKOMBKY A = 0 gBJISIeTCS €IMHCTBEHHLIM COOCTBEHHBIM 3HAYCHUEM, B KA9eCTBE KOPHEBOIO BEKTOPA
BBICOTHI 3 MOXKHO B34Thb J11000il BeKTOp, He annyaupyiomuit Matpuiy A2. [onoxum ez = (1,0,0);
Toraa

ey = Aes = (3,1,0), e = Aey =(1,0,-1).

Taxum obpaszoM, MaTpuIa Iepexojia K KOp/IaHoBY 6a3ucy u oOpaTHasd eil UMeIOT BT

1 31 0 0 -1
C = 010 u Cl'=(0 1 0
-1 0 0 1 -3 1
COOTBETCTBEHHO.
Tpebyercs HalTH COS MCXOAHON MATPHUIIBI; MOCKOJBKY cos’ = —sin u cos” = — cos, cornacHo

obreit hopmyite

cosJ =

OO =
O = O
= ONI=
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[TosTomy,

cosA=C-cosJ-C 1=

= O NI
N = pojwo
Njw O Nl

SAIAYA 46. Bwrwucaumo exp A, 2de

0 2

A=1 _9 ¢

Pemienne.

Haiiiém sKCIIOHeHTY OT JAHHOW MaTPUITLI METOJIOM HEOIPEIe/IEHHBIX KodddurimenTos. s jio-
6oit maTpuiel A Broporo nopsjka exp A = aF + A 119 HEKOTOPBIX CKAJISIPOB «, 3, TPUYIEM MHO-
rouen « + [t JoaKeH coBnajaTh ¢ gyHKImeil e! Ha crexkrpe marpunpbl A. JIerko 3aMeTuTb, 9TO
cOOCTBEHHBIMU 3HaYeHUuIMU MaTpuilbl A aBisgorcs A = +2i. Takum obpasoMm, HeolpeaeaéHHbIE KO-
s dunmenTsl o 1 3 J0KHBI YIOBIETBOPATH CIEAYIONIEH CucTeMe JIMHEHHBIX YpaBHEHMIA:

a+2i3 = e*

a—2i3=e?

Pemmag 3Ty cucTeMy U Hosb3ysach dpopmyiioit Ditaepa e* = cos2 + isin 2, mosydaeM, 9To o = Cos 2,
6= %sin 2. Takum obpaszom,

cos2 sin?2

exp A = —sin2 cos?2

2.6 NuBapumaHTHBIE IIOJIPOCTPAHCTBA

SAIAYA 47. Hatimu 6ce Hempusuasbhvle UHEAPUGHMMHLE NOONDOCMPAHCEA OAA NUHETMH020 ONne-
pamopa, 3a0aHH020 8 HeKomopom basuce mampuued

7T —4 4
Ap=| 4 -1 4
—2 21

Pentenwue.

O tHOMEpHBIE HHBapUAHTHBIE OJIIPOCTPAHCTBA — CYTh JIMHEHHbIE 000JI0UYKH COOCTBEHHBIX BEK-
TOPOB JIMHEHHOI'O OIlepaTopa. XapaKTepUCTUIECKUl MHOIOYIEH JAHHOIO omeparopa f mMeeT BHIL
Xf(A) = =N +7A2 =150 —9 = —(A—1)(A — 3)%. HeTpy/HO IpoBepuTh, 4T0 COGCTBEHHOE MTPOCTPAH-
CTBO, COOTBETCTBYIOIIEe A = 1, OJIHOMEPHO U sIBJISIeTCsI JIMHEHHOi 0601019K0ii BekTOpa €1 = (2,2, —1),
a COOCTBEHHOE IOIIPOCTPAHCTBO, COOTBETCTBYIOIIEe A = 3, ABJISIETC JIMHEWHOW 000I0YKON BEKTO-
poB es = (1,1,0) u e3 = (—1,0,1). Takum 06pazom, ojiHOMEPHbIE HHBAPUAHTHBIE TIOIIPOCTPAHCTBA
orieparopa f — 910 [ npsiMasi ¢ HAIIPABJISIONIIM BEKTOPOM €1, NCXOISINasi U3 Hadajaa KOOPJAUHAT, 1
BCE TIPSIMbIE, [TPOXOJISIIINE Yepe3 HAaYal0 KOOPIMHAT ¥ JieyKalllie B IJI0CKOCTH T — Lo + x3 = 0 (T.e.
IpsIMBIE, COJIEPZKAIIIecst B CODCTBEHHOM IOJIIPOCTPAHCTBE).

Ormmmiem Ternepsb JByMepHbIE MHBAPUAHTHBIE TOAIpocTpaHcTBa omepartopa f. Ilycts W — Heko-
TOpOE JIByMEpHOE MWHBAPUAHTHOE IOJIIPOCTPAHCTBO. Ecn OHO He SBJIgeTCdS COOCTBEHHBIM IOJIITPO-
CTPAHCTBOM, TO B HEM MOXKHO BbIOpaTh Oasuc {u,v} Buma

u = e} + aey + bes, v = cey+ des,
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rjie a, b, c,d — nekoropsie ckajsapsol. [logampocrpanctso W sBiisiercs nHBapuaHTHBIM Jjid f TOrJIa U
TOJILKO TOTJIa, KOIJIa CYIIECTBYIOT TaKue KOI(MMUIUEHTHI T, Ta, Y1, Y2, YTO BBIIOJTHEHBI PABEHCTBA

f(u) = zu+ 290, f(v) = yru + yov.

Bropoe m3 3TMX paBEeHCTB TPUBHATILHO, IMMOCKOJIBKY BEKTOD U IO MOCTPOEHWIO NMPUHAIEKUT COO-
CTBEHHOMY ITOJIIIPOCTPAHCTBY ¢ COOCTBEHHBIM 3HAUYE€HUEM A = 3 M, COOTBETCTBEHHO JIJist Hero y; = 0,
Yo = 3. Jlasee, nepenuceiBas 1mepBoe BEKTOPHOE PABEHCTBO B KOOPJMHATAX, IMOJIyYaeM JIMHEHHYIO
CUCTEMY:

1= T
3a = ax1 + cxy
3b = bx1 + dzs

g HaxoxKjieHust HeOOXOMMbBIX M JIOCTATOYHBIX YCJIOBUN CYIIECTBOBAHUS PENIEHU TON CUCTEMBbI
BoCcHoIb3yeMcs Jiemmoit Kporekepa-Kanennu. Pacimupennas MaTpuiia 3Toil CHCTEMbI UMeeT BU/T

1 0] 1
B = a c|3a
b d| 3b

JIerko 3aMeTuTh, 9TO IIOCKOJIbKY II€pBBIE 2 CTOJIONA MATPUILI B JIMHEHHO HE3aBUCHMBI, yCIOBHEM
CYIIECTBOBAHMUSI PEIEHNsT SIBJISIETCsT BBIPOZKIEHHOCTH 910t Marpuiibl. [Tockosbky det B = 2(ad — bc),
HeOOXOIMMOe ¥ JIOCTATOYHOE YCIOBHE CYIIeCTBOBAHUS PEIIEHNsT — IPOIOPIIHOHATBLHOCT CTPOK (a, b)
u (¢, d). A sro o3Hadaer, uTo BMecTo 6asuca {u, v} B npocrpancTse W MoxHO BeIGpaTh 6asuc {eq, v},
T.e. B KadecTBe VW MOXKHO B34Th JIIOOYIO ILJIOCKOCTD, IPOXOAAILYIO depes npsamMyto [. [

y d
BAZTAYA 48. Hatimu ece unsapuarnmmvie nodnpocmpancmen onepamopa Juhhepenyuposanus - 6

npocmpancmee R, [x] mHozouienos cmenenu ne 6viwe n ¢ 6EUECMEEHHBMU KOIPHUUUEHMAMU.

Permenne.
Pacemorpum npousBosibHBI MHOTOUWIEH p € R, [x] cremernn k < n u OpemosioKuM, 9TO OH
COJIEP’KUTCA B HEKOTOPOM MHBapuaHTHOM mojrpoctpanctse U. Torma

d d? d*
%(p% @(p% s % € U7
IIpuYeM CTelleHb MHOT'O4JIeHA ji—mm(p) paBHa k — m. DTO 03HAIAET, ITO
d d? d*
— — o) =(1 2 ah.
<p’ dl'(p)7dl'2(p)7 dl’k < ,.ZU,CC Y 7[L' >

Takum ob6pa3oM, ecyii B KayeCTBE MHOTOUIEHA P B3ATb NPOU3BOJILHBIN MHOIOYJIEH MaKCHUMAJILHOM
crenenu u3 U, Ml noayuum, uro U = (1,z,2%,...,2"%), T.e. Bce mHBapuaHTHBIE TIOJAIPOCTPAHCTBA
TS % MCYEPIBIBAIOTCS TTOIIPOCTPAHCTBAMU TaKoro Buja. [

[Tpumep 3a1a4m 47 MOKa3bIBAET, UTO HAXOXKIEHUE BCEX NHBAPUAHTHBIX ITOITPOCTPAHCTB JIMHEITHO-
r'o oIepaTopa, BooOIIe roBopsd, TpedyeT JTOBOJIBHO HEYKJIIOXKEr0 PACCMOTPEHUS TIOJIITPOCTPAHCTBa, 00-
mero Bua. OHAKO, U3y UYeHre COPSIZKEHHOr0 OIepaTopa JaéT IpocToii criocod Haxox aenns (n—1)-

MEpPHBIX WHBAPUAHTHBIX IOJIIIPOCTPAHCTB, IJIe 1 — pa3MepHOCTh mpocTpaHcTBa. Ilycts f: V — V
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— HEKOTODBIl JINHEHHBII OIIePATOD; CONPAHCEHHDIM ONEPAMOPOM HAZBIBAETCA JIMHEHHBIN olepaTo
)
f*: V= V* jnefictBytonuii Ha CONPSZKEHHOM ITPOCTPAHCTBE U OIIPEJIE/IsIEMbIIl PABEHCTBOM

S (D)(v) = U(f(v))
Jts ipousBosibHBIX [ € V* v € V. Ham norpebyercs cirejtyiorniast

JIEMMA 1. IIyemv aunetimoti onepamop f V. — V umeem mampuyy Ay 6 nexomopom basu-

ce {e1,ea,...,e,} npocmpancmea V. Tozda conpsotcénnuti onepamop f* 6 deoticmeennom basuce
{et,e?,... "} umeem mampuuy A’}.
JlokazaTresabCcTBO.

IIycts Ay = (ai;), a B = (bj;) — Marpuna omeparopa f* B nojicrBentoMm 6asuce. Torma s
JIIOOBIX 4, = 1,...,n uMeeM:

FrE)e) =D bget(er) = > bigdf = by
k=1 k=1

C JIPyTOii CTOPOHBI, TIO OIPEIEICHIIO COPAKEHHOTO OIIEPATOPa
n n
f*<6j)(€i) = ej(f(ei)) =e’ Z Arir | = Z améi = Q.
k=1 k=1

Buaunt, B = A?. O
s vaxoxenusi (n — 1)-MepHBIX MHBAPMAHTHBIX IMOJIPOCTPAHCTB MbI OyJIE€M HCIOJIH30BAThH
CJIEJIYIOILYIO TEOPEMY.

TEOPEMA 2. ITycmo V. — aunetinoe npocmparncmeso pasmeprocmu n, a f : V. — V. — nexomopoiii
aunetnod onepamop. Tozda ece (n — 1)-mepnvie unsapuarmmuvie noonpocmpancmea oas f umerom
sud Kerl das nexomopozo cobcmeenrnozo eexmopa | onepamopa f*. Jhoboe nodnpocmparcmeo suda
Kerl, 2de | — nexomopuiti cobcmeennwii sexmop onepamopa f*, unsapuanmmo ommocumenvro f.

JlokazaresabCcTBO.

[Tycrs U — npoussosibHOe (n — 1)-MepHOe MHBapHaHTHOE MOJIPOCTPAHCTBO Jisi orepaTtopa f.
Torna ono 3ajaércsa JuHedHBIM ypaBHeHUEeM [ = () JIJIsT HEKOTOPOTO HEHYJIEBOTO JMHEHHOTO PYHK-
nuonasa [ € V*. Bo3bMéMm npousBoJibHBII BekTOp v € U, Torjna B cuiy nnBapuantHoctu U mmeeMm:
f(v) € U. 910 o3nauaer, 4ro

(D)) =1U(f(v)) =0,

nockoyibKy U 3amaércs ypaHenunem [ = (. Takum oOpas3om, B CHJIy IPOU3BOJBHOCTU BEKTOpa v,
siipa, TuHedHbIX dyrkimonanos [ u f*(l) coBmasaiot, 9To 0O3HAYAET, YTO TH (DYHKIMOHAIBI TPO-
HOPIMOHAJIBHBI, T.€. CYIIECTBYET Takoil ckassap A, uro f*(I) = Al. 3uaqur, | — coGCTBEHHbIH BEKTOD
orepatopa f*.

[TycTb Teneps | — mpou3BOIBHBIN COOCTBEHHBIN BEKTOD oneparopa f* ¢ coOCTBEHHBIM 3HAYCHIEM
A. Pacemorpum (n — 1)-meproe mojmpocrpanctso U, 3amaBaemoe ypasuennem | = 0. Torma mis
moboro v € U nMmeeM:

(f(v)) = [ (D(v) = M(v) =0,

re. f(v) € U. Takum ob6paszom, nojmnpocrpanctso U MHBApUAHTHO oTHOCUTENbHO f. [
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BAAYA 49. Hatdmu ece (n — 1)-meprvie unsapuanmmvie noonpocmpaHcmed OAf 6eU,eCmeenH020
AUHETH020 onepamopa 3a0arnnozo 6 nexkomopom basuce {eq, e, €3, €4} Mmampuyet

As=

N D ==

O = =N
|

— =N O

— N O

Peienne.

Haiiiém coberpennbie BeKTOphI MaTpuIbl A% CONPsZKEHHOrO omepatopa B JIBOMCTBEHHOM basu-
ce, COOTBETCTBYIOIIUE IeICTBUTE/ILHBIM COOCTBEHHBLIM 3HAUYCHIAM. XapaKTePUCTUICCKIIT MHOIOYICH
X(A) omeparopa f mmeer Bu

XpA) = AT H40% =202 — 120 — 16 = (A — 2)(A +4) (A2 + 2\ + 2),

T.e. y omeparopa f* ecThb JBa JefCTBUTEIBHBIX COOCTBEHHBIX 3HAUEHUSI A\ = 2 U Ay = —4. [TocKoIbKY
BekTops! (1,1,1,1) u (1,—1,1, —1) sBAAIOTCS COOCTBEHHBIMU, COOTBETCTBYOMIUME STHM COOCTBEH-
HBIM 3HAYEeHNsM, JuHeinble hynkimonanst [; = el +e? + e + et uly = el — e + €3 — e* apnaiores
COOCTBEHHBIMU BEKTOPAMU JIJIsI CONPSIZKEHHOro oreparopa f*. Takum o6pa3omM, TMHEHHDI onepaTop

f nMeeT ABa TpéXMepHBIX HMHBapUaHTHBIX ITOAIIPOCTPAaHCTBa, 3aJaBacMbIX YDaBHECHUAMU

T1+To+ax3+x24=0 U 21 —290+23—24=0. 0O



I'taBa 3

EBKJINI0OBBI 1 SpMUTOBBLI IPOCTPAaHCTBA

3.1 OproronajbHbIE CUCTEMbI BEKTOPOB

BATAYA 50. Iokasamv, wmo dynxyua f om eexmopos x u y delicmeumenvholi NAOCKOCMU, 30~
dannasn Popmyrot

s =@ ) (42 (%) wen= (L) ou=(%).

onpedeasem eskAudo80 crasaproe npoussedenue na naockocmu. Hatimu daunve eexmopos (1,0)
u (0,1) u yeoa mescdy HUMU NO OMHOWEHUIO K IMOMY CKAAAPHOMY NPOU3EEIEHUIO.

Pemrenne.
OueBniHO, UTO QyHKIWMS [, ONpeeeHHas 0 YKa3aHHON dopMyJie, siBjisieTcs Onimaelinoit. 3ua-
9YUT, HAM JIOCTATOYHO J0Ka3aTh, 4ro f(z,x) > 0 mis j1o6oro HeHyJIeBoro BekTopa . meem,

fla, ) = (a) +4e'a® +5(2%)° = (2" +202)° + («?)* > 0.

ITpu sToM pasenctBo f(r,z) = 0 MOXKET BBINOJHATHCSA TOJIBLKO €C ofHoBpeMento x' + 2z = 0
u 22 = 0, To ectb TosBKO Npu = = 0. CriegoBaTebHo, [ — eBKINIOBO CKaJISPHOE TPOU3BE/ICHHE.

Beraucimm reneps gymabl BeKTopoB = = (1,0), y = (0,1) u yroa ¢ Mexky HUMH OTHOCHTEIBHO
9TOr0 CKaJIAPHOro rnpoussegenus. Mmeewm,

flaa) =1 o>(1 ) (6)-1
=0 (5 5) (V)=
=00y 3) (V)=

SHaunr,

Taxum obpasom, p = arccos \/ig U

48
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BAAYA 51. Iloxazamo, wmo ¢ynryus (A, B) = tr (ATB) ABNACNCA €BKAUIOBVIM CKAAADPHDIM NPO-
useedenuem 6 npocmpancmee Maty(R) sewecmeennux keadpamnux mampuy nopadka 2; 6vbiHuc-

AUMD OAUHDL MATIPUL
1 -1 1 =2
a=(o o) oa-(o )

U Y20 © MedHcdy HUMU.

Permrenne.

OuenuHo, uro dbyukiwst (A, B) sisisiercs 6ununeitnoit. Ham jocraroano nposeputh, uto (A, A) > 0

Jutst smoboit menysesoit Mmarpunpst A. Ilycrs A = (a;;). Torga
2 2
AT A — [ 0 G a1 a2 \ ajy + as 11612 + G21a22
= = 2 2 .
12 A2 a1 Q22 11012 + G212 aj, + ase

tr(ATA) = af) + a3, +ajy + a3, > 0,

Suaunr,

PUIEM PaBEHCTBO tr (ATA) = 0 mocruraercs Toabko npu A = 0. Cienosarensho, (A, B) = tr (ATB) —
eBKJIJIOBO CKAJISPHOE TTPOU3BEICHNE.
Beraucimm remepsb ckassipabie npoussesierust (Aq, Ay), (Aq, Ag) u (Ag, As):

aenr=((48)(3 ) -( 4 )
aenr=((48)(3 ) (4 %)
anr=o((A2)(3 1) -( 4 )0

||A1|| =V (AlaAl) = \/é, ||A2|| =V (A27A2) = \/6
(A, 42) V3

COS Y = ——— " = —.
Al Aol 2

3Haunr,

Buauut, ¢ = . [

SBAMEYAHUE 4. B amom pewenuu dauna mampuys, A obosnauaemes wepes ||A|l, a ne wepes |A],
mak kax obosnavwenue |A| 3apesepsuposaro das onpedesumens mampuyv, A.

3.2 OproronajbHbIE CUCTEMblI BEKTOPOB

SBATIAYA 52. Jlonoanums eexmopu, €3 = \/ié(l, —1,2) uey = \/Lg(l, —1,—1) do opmomnopmuposanto-
20 basuca npocmpancmea R3.
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Pemienne.

HeHOCpe,ZLCTBeHHOQ BbIYUCJICHUE HOKaSI)IBaeT7 9To BeKTOpr €1 U €9 eJMHNYIHbIC 1 OpTOI‘OHa.HI)HbI
apyr apyry. B kadecTBe BekTOpa, JONOJHAIOIIEIO X JI0 OPTOHOPMUPOBAHHOIO Oa3mca IPOCTPaH-
crBa R3, MOYKHO B34Th UX BEKTOPHOE IIPOM3BEICHUE

e = L (|12 21| |1 -1\ _ (L 1
vel =g\ - — i ) T e et
Bwmecto BekTOpa |1, €3] MOKHO OBLITO OBl B3STh BEKTOP — €1, €2]; APYTUX BAPHAHTOB HET — C TOYHO-

CTBIO JI0 3HAKA BEKTOP, JOHOJIHSIONIHI BEKTOPEI €1 U €5 JJ0 OPTOHOPMHEPOBAHHOTO Ha3mca, IIPOCTPAH-
crBa R3, onpesnesién oqHo3HAYHO. [

BAIAYA 53. Jonoanums eexmope e; = 1(1,2,—1,3,1) u ey = %(—1,0, 1,1,—1) do opmonopmupo-
sanmozo basuca npocmparncmea RS,

Pemenne.

HeHOCpe,ZLCTBeHHOQ BbIIHUCJICHUE ITOKa3bIBAa€T, YTO BEKTOPLI €1 U €2 €IMHUYIHbIC 1 OPTOIOHAJIbHBI
apyr apyry. ObosnaunM depe3 L MOAIPOCTPAHCTBO, TOPOXK/IEHHOE BEKTOpaMU €1 U e5. Habop Bek-
TOPOB, JOTOIHSAIONIAN BEKTOPa €] W €5 JJO0 OPTOHOPMUPOBAHHOIO 6asnca mpocTpancTsa R, —3To B
TOYHOCTH OPTOHOPMHUPOBAHHEI Gaznc noxnpocrpancTsa L. Haitaém Bravaie Kakoi-HIOYIb 6a3nc
npocrpancTsa L*. ITommnpocrpancrBo L+ 3amaéTea 1ByMs TUMHEHHBIME ypaBHEHIAMHE, KO3bQHUITeH-
TaMHN KOTOPDLIX ABJIAIOTCA KOOPAUMHATBI BEKTOPOB €1 U €2 COOTBETCTBEHHO; HpI/IBe,ZLél\l MaTpHUIily 3TOl
CHCTEMBI U3 ABYX YPABHCHUI K CTYIICHYATOMY BHIY:

1 2 -1 3 1 . 1 0 -1 -1 1

-1 0 1 1 -1 01 0 20
B kauecTBe IIaBHBIX IEPEMEHHBIX MOYKHO BLIODATH HEPEMEHHBIE T U Lo, B KAYECTBE CBOOOIHDBIX —
x3, v4 1 5. [lonygaem dynmamentambayio cucremy pemennii a; = (1,0,1,0,0), ag = (1,—2,0,1,0),

az = (—=1,0,0,0,1). Dtu BeKTOpa 06paszyoT 6azuc nojnpocrpancTsa L. OproroHamusyem ux npu
nomortru Metojia ['pama—IIImuara. [Tomoxkum, by = a;. Bropoit BekTOp BbIUHC/IAETCA 110 (hopMyJIe

b
b2 = Q9 — —( 17a2) bl-

(blubl)
Unmeewm, (by,b1) = 2, (by,az) = 1, 3naunr,
1 1 1
by=as—=by = (=, —2,—=,1,0 ).
2 a2 9 1 (27 ) 2a ) )
Berancasenm: (b, az) = —1, (by,a3) = —%, (ba, b)) = %, SHAYMNT,

(517613)1) (52,CL3)
| —

(b17b1) (b2ab2)
BekTopsl by, by u by 06pa3yoT opTOroHabHBIN, HO HE OPTOHOPMHUPOBAHHBI, Oa3UC MOIIPOCTPaH-

crBa L. YTOOBI IOy IUTH OPTOHOPMEPOBAHHEIT GA3HC, HAM HYKHO Pa3/IeINTh KayKIbIi 13 3THX BEK-
TOPOB Ha, ero jymny. Mbl yKe BLIMHCIIIN CKajgpHble KBaapaTsl (b, b1) u (by, by); nmeen, by = v/2,

1 1 1
b3:a3— b2:a3+§bl+ﬁb2:—(—5,—2,5,1,11).

11

|ba| = ,/%. HenocpencrBennoe Borauciaenne 1aét |bs| = \/Lﬁ. Taxmm o6pa3oM, B Ka4eCcTBe BEKTOPOB,
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JIOHOJTHSIIONIIX BEKTOPBI €] U €y JO OPTOHOPMUPOBAHHOIO 0a3mca IpOCTpaHcTBa R®, MOXKHO B3ATh
BEKTOPDI
by 1 by 1 bs 1
63 = 25 = —_(1,0,1,0,0), ey = -2 = ——(1,—4,-1,2,0), e5 = > = ——(=5,-2.5.1,11).0
Y o] T A b= T U ) = ] = T )
BAZIAYA 54. Jlonoanums eexkmopo ey = (1,1, 1, —1) uey = (144, 1—i, 1+i, 1—1) do opmozonasvrozo
basuca apmumosa npocmpancmea C*,

Pernrenue.
[Ipesxie Bcero mpoBeprM, UTO BEKTOPHI €1 U €5 OPTOTOHAJILHBL:

(e1,€2) = i(1+i) +i(1 —i)+ (1 +i)— (1 —4i) =0.

O6o3naunM yepe3 L moaIpocTpancTBO, MOPOXKIEHHOE BEKTOPAMHI €1 U €. TaK KaK CKaJIsgpHOe ITPOU3-
BeJIeHIe SPMITOBO, a He eBKJIMI0BO, IIOAIPOCTPAHCTBO LT 3aa8Tcd IByMs ypaBHEHIAMNI, KOID -
IIIEHTAMI KOTOPBIX ABJISIOTCS YHCJIa, COMPIKEHHBIE KOOPIMHATAM BEKTOPOB €1 U €5 COOTBETCTBEHHO.
TakuM 06pa3oM, HOMIPOCTPAHCTBO LT 3a1aéTes cHCTeMOl ypaBHeHnmit

—iZl—i22+23—Z4:0;
(I—i)zr+(1+i)ze+ (1 —i)zzs+ (1 +1i)zg =0.

[Ipousso/ist s/1eMenTapHbIe MPe0OPA30BAHKUS CO CTPOKAMU MAaTPWIIBI TON CUCTEMBI, IIPUBEIEM €€ K
cryneHdaToMy By (yI06HO, 9TOOBI CTYIIEHBKA ObLTa ClipaBa):

—1 —1 1 -1 . ? t —1 1
-2 147 1—2 1+ 1—2 1 — 0 /)

(MbI yMHOXKHIJIU IEPBYIO CTPOKY Ha — 1, OCJIE STOr0 BBIWIN U3 BTOPOIl CTPOKHU IIEPBYIO, YMHOKEHHY O
Ha 1 + ¢ ¥ pas3jesmim moJIy IUBIILYIOCS BTOPYIO CTPOKY Ha 2.) YJI0OHO BBIODATH MEPEMEHHBIE Zp U Z4
B KadecTBe IJIABHBIX, IEPEMEHHbIE 2| U 23 — B KadecTBe ¢BOOOMHBIX. [lomydanm dyH1aMeHTATBHYTO
cUCTeMy pelleHuii cucTeMbl, To ecTh 6azuc nogampocrpanctea L: a; = (1,i—1,0,1), ay = (0,4, 1,2).
[Tpumenum K sTOMy Gaszucy mporece oproronasusanuu ['pama—ITIImuara (OTHOCUTEIBHO IPMUMOBA
CKaJIIPHOTO TIpou3Bejienust): by = ay,

(bl, CLQ) . 3—1 1

ML) = gy — — (i —3,3,4,i+5).
(01 1) 1w 4(@ 3,3,4,i+5)

b2:(12—

B KkauecTBe BEKTOPOB, JIOTOJHAIONINX BEKTOPHI €] U €5 J0 OPTOroHaJIbHOro 6asnca mpocrpancTsa C
MOYKHO B34Th BEKTOPHI by 1 bs.

OTMmernM, 9TO TaK KaK CKaJAPHOE IPOM3BEIEHNE SPMUTOBO, & HE €BKJIHMIOBO, B (POPMYJIE st
BeKTOpa by 6a0tCHO, B KAKOM IIOPSIIKE MbI OEPEM CKaJISIPHOE IIPOU3BEIEHNE BEKTOPOB by U ao: eciin
ObI BMECTO CKaJISIPHOTO IpousBeieHust (by, as) Mbl Hammcasu Obl (ag, by), MbI IOy YK Obl HEBEPHBDII
pesysbTar. []

BAZIAYA 55. B npocmpancmee Ry[r] mrozouaenos cmenenu ne sviwe 2 3a0aH0 CKAGAAPHOE NPOUS-
sedenue

U@:Afmmwm

Jlonoanumv mmozouaen x do opmozonaavrozo baszuca npocmparcmea Ro[z)].
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Pemrenne.

Jonoyium Baavase Maorodsen fi(x) = x? 10 kakoro-uubyb 6azuca npocrpanctsa Ry[z]: MozkHO
B3sITh, HAIPHMeD, MHOTOWIEHbI fo(2) = x, f3(z) = 1. Temepb oproronanusyem 6asuc (fi, fo, f3) npu

oMot mporecca ['pama—IlImuara:

g1 = Ji;

— _(917f2) )
2=t (91, 91) b

o= fy 0 ks) (92 f5)

g1 2
(91791) (92792)

Borancium Bxosgimme B 3T (popMyJIbl CKAJIIPHBIE TPOU3BEICHUS:

! 9 ! 3 x? 1
(gl,fg):/x~xdx:/xdx:— ==
0 0 4 0 4
1 1 511
1
(91791)2/ x2-x2dx:/x4dx:x_ = .
0 0 5 0 5)
[Moxcrapisist ot 3Haderust B dopmyiay (3.1), Haxomum
5) 5}
g2(x) = fo(x) — 2 q1(x) = —=2” + .
4 4
HpO,ZLO.H}KI/IM BbIYHCJ/IEHUE CKaJIAPHBIX HpOI/IBBe,Z[eHI/IfI:
1 31
_ o _ 27 _ 1
(gl7f3)_\/0 T 3 . 37
1 2 1
5) T 5) 1 1
2 3
= —_— d = —_—— _— = —— _—= —
(82, s) /0 < 1" +x> ! < PR 2) 12 2T
1 2 1 2
5) 25 5
(92, 92) = /0 (—1932 —l-ZB) dx :/o (1—6x4 — 51‘3 +$2) dr =
(5 5 5, 1A' 5 5 1 1
(16“@ 8x+3x>0_16 33T ®

[MoncraBiists 5Tu 3HadeHns B Gopmyiay (3.2), HaX0I M

g3(x) = f3(x) — §gl(x) —4go(z) =1— §x2 —4 (—§x2 + a:) = ExQ — 4z + 1.

3 3 4 3

(3.1)

(3.2)

Urak, muorounen fi(z) = gi(z) = z* monosmusercs 10 OpTOroHAILHOTO Gazuca mpocTpancTba R[]

IPH TIOMOIIIM MHOTOU/ICHOB go(%) = —3a2 + x n g3(a) = Ra? — 4z + 1. 0

3.3 Marpuna I'pama; n-mMepHBIiT 06bEM

SAIAYA 56. Hatmu 06sém mpéxrmeprozo napasiesenuneda, HGMAHYMO20 Ha GEKMOPDL

a1 = (1,0,1,0),  ap=(1,2,0,—1),  asz=(—3,2,4,—1).
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Pemrenne.

I crtoco6. O0béM mapasuiesienume/ia, HATSHYTOrO0 Ha BEKTOPBI a1, G U G3, PABEH KBAJIPATHOMY
KOPHIO M3 OomnpejiesinTesid MaTpunbl ['pama 3Tux BeKTopoB. Beraucanm ux marpuity ['pama:

(a1,a1) = 2; (a1,a2) = 1; (a1,a3) = 1;
(az,a2) = 6; (ag,a3) = 2; (as,asz) = 30.

Takum obpaszom,

Ornpeiesiure/ib MaTPUIIBI HE M3MEHSIETCS PU TPUOABIEHUN K OJIHOM M3 e€ CTPOK JIPyroil CTPOKH,
YMHOXKEHHO! Ha, IIPOM3BOILHOE IHC/I0. SHAYNT,

2 1 1 0 —11 —3
Gl=[16 2|=|1 6 2 |=11-28+3-4=320.
1 2 30 0 —4 28

Clle10BaTeIbHO, HCKOMBIT 06bEM mapasuiesernmena pased V = /320 = 8/5. [

IT criocob. O6béM mapasienenne/ia, HATSHYTONO HA CUCTEMY BEKTOPOB, HE M3MEHSIeTCS IPH
IpUMEHEeHUN K 9TOH cumcTeMe BEeKTOpOB mporecca oproroHaym3anuu I'pama—IlIvmuara. [Ipumennm
9TOT IIPOIECC K JAHHBIM BEKTOPAM:

bl =a = (1707 170)a

(blua’2) 1
by = b 1,2,0,—1 1,0,1,0
2 ag — (blabl) 1= ( ) 2( )
<b17 0’3) (b27 a3) 1 3 1
by = b by =(—3,2,4,—1 1010———2———1:
’ - (b17b1) b (b27b2) ? ( T ) 2( ) 11 2 ’ 2’
8
= 2.5, —1
11( 57 757 )

BekTopst by, by, by moOnapHO OPTOrOHAILHBI, TIOSTOMY O0BEM HATAHYTOIO HA HUX HapaJlIe/ICIINIe/1a
paBeH ITPOU3BEIEHUIO X JIJTNH:

11 8\/_
by||bs|bs| = V2 - NG
= |b1]]2|[bs] VT

BAZIAYA 57. B npocmpancmee Rs[x] muozouaenos cmenenu ne sviwe 3 3a0aH0 CKAGAAPHOE NPOUS-

sedenue
(.9) / flo

Hatdimu 6asuc, esaummniti x 6asucy 1, z, 2, x3
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Penienne.

Breém obosnavenus fi(x) = 2%, k= 0,1,2,3 (mam y06HO HyMepoBaTh BEKTOPHI 3a,[aHHOTO Ga-
3uca, HaUMHad ¢ HyJis, a He ¢ eaunupl). [lycts C' = (¢¥) — maTpuiia nepexosia ot 6azuca fo, f1, f2, f3
K Bzaumuomy Gazucy fO, f1, f2, f3, To ecthb Takast MaTpuia, uto f/ = ¢¥ f;. (B nannom ciayuae yno6HO
oba MHJEKca y MaTpPHIBI IIepexo/ia McaTh CBEpXY, TaK KaK HOMepa BEKTOPOB [’ MUIIyTcs CBEPXY.)
HokaxeMm, uro C = G !, rne G = (g;;) —marpuna I'pama 6asuca fo, fi, fa, f3. deficreurensro,
COTJIACHO OIIPEJICICHUIO B3aMMHOIO 6a31ca MMeeT MECTO PABEHCTBO

L= (7, fu) = (" fi, ) = & (fi, fr) = P gan.

-1 —
W3 sroro pasencrsa ciemyer, aro C' = (GT) , Ho Marpuna G cuMmmMeTpudna, 3HaunT, C' = G~
Haiiném teneps marpuiy G. Boeraucisiem ckassipHble TPOU3BEICHIS:

2
. L b ————— ecJu m + n 9ETHO;
(™, 2") = ™z dx = 2" dr=¢ m+n+1
-1 -1 0, ecyit m + n HEIETHO.

SHaunr,

)

I
Qwiv O DN
o O wivn O
Ol D Wl
i Oale O

Hawm nyzxuo naittu marpuiy C' = G~1. Marpuna G 110 cyTn aBigeTca 6JI09HO IHaroHaILHOM: OHa,
CTAHOBUTCS OJIOUHO JINATOHAJILHON € JABYyMsi OJIOKAMM 2 X 2, eCJI OJJTHOBPEMEHHO TOMEHSITh MeCTaMu
BTOPO#l U TpeTuit cToJIdIbl U BTOPYIO U TPeThbio cTpoku. Takum obpazom, obparienue mMatpuilbl G

-1

CBOJIUTCS K OOPAIEHUIO JIBYX MATPUIL 2 X 2:
-1
_1 9 —15\ _1 75 —105 \
8\ =15 45 )’ 8\ —105 175 )’
0

1 0 7m0 —105
s| -15 0 45 0
0 —105 0 175

win DN
[SISRMITN
(SR
TSRSV

Nej
o
|
—
(@

Cron6rer Marpuiel C' cyTh CTOIOIB KOOPAWHAT BeKTOPOB f! B 6asuce fo, fi, fo, f3. Takum obpazom,

9 15 75 105
0y — 2 _ 2. 10, — _ 3.
15 45 105 175
20y _ _ 19 | 39 o 3, 209 1093
fi(x) = 8+8x, fo(x) 8:16—1—8:10. O

SAMEYAHUE 5. Ha camom dene mootcho 040 Cpasdy 3amMemumsp, 4mo noonpocmpaHcmen 4YEmHuLL u
HEUEMHBLT MHO20UNEHOE OPMO2OHANGHDL OPY2 OPY2Yy OMHOCUMENLHO YKAZAHHO20 CKAAADPHO20 NPOU3-
sedenua. Iloomomy mmozousenv, fO u f? cocmasasrom 6asuc npocmpancmen YEMmbLT MHO204AEN0E,
dyarvnniti basucy 1,22, a sexkmopo, f1 u f3 — 6asuc 6 npocmparcmee HeuEMHLT MHO20UAEHOS, OY-
anvnwiti 6asucy x, 3. Iocae amozo nystcro omdeavro natimu xascowti us smuxr 06YxT OYaNbHOLT
basucos.
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3.4 OproronajbHbIe IIPOEKINN, PACCTOSHUS 1 yTIJIbI

BAJIAYA 58. Hatimu opmozonanvhyto npoexyuto ! u opmozonarvryio cocmasasowyyro x- sexmopa
r = (2,-5,4,—3) npu npoexyuu na nodnpocmparncmeo L = ((1,2,1,0),(2,1,4,—5)).

Pemenne.

Mpgbr npuBesiém 3 criocoba pertienns 3Toi 3aaxdu. Ilepsblie aBa crrocoba OTIIMYIAIOTCA TPAKTUIECKHT
TOJILKO 110 (hOpMe HU3JI0KEHHUsI, a 10 CBOEMY MAaTeMaTHICCKOMY COJICPZKAHUIO COBITQJIAIOT; TPETHil
c110ocob OCHOBAH Ha IMPUHIUIIAAIBHO JIPYTO# njee.

I cmoco6. Beeném obosmauenus a; = (1,2,1,0), ag = (2,1,4, —5). Bekrop !l nexkur B mommpo-
cTpaHCTBe L, 3HAYNUT, OH UMeeT BU]

2l = Aay + pasg

JIJIST HEKOTOPBIX BEIIECTBEHHBIX A U f4. Torja
et=z—zl =2 —Xay —pay = (2= XN —2u, =5 — 2\ — i, 4 — X — 4p, —3 + 5p).

KosddurmenTtsl A\ n [ HAXOAATCA U3 YCIOBUI TOTO, UTO BEKTOP T IEPHEHIUKY/IAPEH IIPOCTPAH-

CTBY L ", SHQYUT, UMeECT HYJIECBbIE€ CKaJIAPHBIC IIPOU3BECACHUA C BEKTOPpaMM a1 U A2. Breruncisgem:

) —A=2u)+2(=5 =2 A—p)+ (4 — A —4u) = =6\ — 8u — 4;

($L>a1 :(
L) = 22— A — 20) + (=5 — 2X\ — p1) + A4 — X — 4p) — 5(—3 + 5p) = —8\ — 46y + 30.

(x

[Tosryuaem cucreMy JIMHEWHBIX ypaBHEHUIA

6A+ 8 +4=0,
{ H (3.3)

8\ + 46— 30 =0,
KOTOpas UMeeT eJMHCTBEHHOe pertenne A = —2, = 1. 3naqnr,

ol = —2a; + ay = (0,-3,2, -5);
et =r—al=(2,-2,22). O
IT cnoco6. Tax ke, Kak B IpeIbLIYIIEM CIiocobe permenns, Mbl uieM Bektops! 2! n - B BuIe
2l = Aay + pas; rt =2 — la; — [as
u koabpumenTs A u p HaxoaaTes us yeaosuit (zh, ay) = (zt, as) = 0. Vnmeew,
(zt, a;) = (z,a;) — May, a;) — p(ag, a;), i =1,2.

Takum obpazom, cucremMa ypaBHEHUN HA A U [ UMeeT BU/T

(a’hal))‘ + (a17a2):u - (x7a1);
(a27 a’l))‘ + (a27 a2):u = (l’, a2)>

TO €CTb
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rje G — marpura ['pama cucreMbl BEKTOPOB a1, az. Beraucssiem: (ai, a1) = 6, (a1, az) = 8, (ag, az) = 46,
(x,a1) = —4, (z,az) = 30. Buaunt, cucrema ypasuenuii (3.4) coBmaaer ¢ cucreMoii ypasaenuit (3.3).
[laiee Bcé nemaeTcd TOYHO TaK »Ke, KaK B IIEPBOM cIiocobe perrenus. [J

IIT coco6. Bekropst a; = (1,2,1,0) u ay = (2, 1,4, —5) suHEHHO HE3aABUCUMBbI, 3HAIHUT, OHU 00-
pasylor 6a3uc noAupocTpancTsa L. TOT 6a3uc He ABjsgercs OpToroHaabHbIM. Haiiném oproronasin-
HBII 6a3UC TOAIPOCTPAHCTBa L IIpyu IOMOIIK Iponecca oproronausanyun I pama—IIImuara. Ilepsorit
BeKTOp ocTaérest 6e3 mamenenuii, by = a; = (1,2, 1,0), BTopoit BEKTOp HAXOAUTCs 10 GOpMyJIe
(bl, CZQ) 1

4
by =as — —by = =(2,—5,8, —15).

bQZCLQ—

Tak xak by, by — oproroHabHbIN 0a3UC MOMIPOCTPAHCTBA L, OPTOrOHAIbHASI IIPOEKINsT BEKTOPa T
Ha 9TO MOJIIIPOCTPAHCTBO HAXOUTCH 10 (POpMyJIe

Il (bhx) b, + (b2,$)

(bh bl) (an b?)
Boraucsiem: (by,by) =6, (by,x) = —4, (by,by) = 32, (by, x) = 1. Buaunr,

2
l'” = _gbl + b2 = (07 _37 27 _5)7

bs.

et =r—a2l=(2,-2,2,2). O

BAZIAYA 59. Hatimu opmozonanvhyro npoexyuto ! u opmozonarvryio cocmasasouyyro x- sexmopa

r = (1,5,2,5) npu npoexyuu na nodnpocmpancmeo
L={(1,1,2,-1),(1,3,-1,-13),(2,—1,0,—-1),(1,-3,1,9)).

Pernrenune.

Brersichum BHagasIe, KaKyo pa3MepHOCTh UMeeT IOAIPOCTPAHCTBO L; JIjIst 9TOrO 3aluiieM KOOP/Iu-
HaTbI HOpO}K,Z[aIOH_H/IX ero BeKTOpOB B ManI/H_[y 110 CTpOKaM " HpI/IBe,ZLéM 3Ty ManI/H_Ly K CTyneH‘IaTOMy
BUTY:

1 1 2 -1 1 1 2 -1 11 2 -1
1 3 -1 —13 0 2 -3 —12 02 —3 —12
2 -1 0 1| o =34 1] 7{oo 1 2 (3.5)
1 -3 1 9 0 —4 —1 10 00 0 0

Taxum o6pazoM, OANPOCTPAHCTBO L UMeeT pa3MepHOCTh 3, YTO OOJIBINE, YeM ITOJIOBUHA, PA3MEpPHO-
cTn Bcero mpocTpaHcTBa. [losTomy HaMm OyzeT ymoOHee MCKATh OPTOTOHATIBHYIO MTPOEKIAIO W OPTO-
TOHAJIBHYIO COCTABJISIONIYIO BEKTOPA X HE MPU MPOEKINH Ha MOJIPOCTPAHCTBO L, & Mpu MpoeKIun
Ha OJJHOMEpHOe TIOIPOCTPancTBO L.

[TogmpocTpancTBo L umeer 6asuc, cocTosdmuili u3 TpéX BEKTOPOB, KOOPJAMHATHI KOTOPBIX 3allu-
CaHBI IO CTPOKAM MaTPHILI (3.5) BBINIEe TOPU30HTaA/ILHOM YepThl. IlosToMmy mommnpocTpancTso Lt
3a1a6TCsI CHCTEMON OJTHOPOJIHBIX JINHEHHBbIX ypaBHeHuil ¢ Marpureil (3.5). Dra cucrema JIMHEHHBIX
ypPABHEHUH MMeeT eJMHCTBEHHOE ¢ TOYHOCTH JI0 MPOMOPIMOHAJBHOCTH pemienune a = (2,3, —2,1),
KOTOPOE 1 HOPOXKIaeT OJHOMEPHOe HOMIIPocTpancTBo L. OproroHaabHas IIPOEKINs BEKTOPa T Ha,
OJIHOMEPHOE TIOITPOCTPAHCTBO, MTOPOXKIEHHOE BEKTOPOM @ HAXOJAUTCS IO (hopMyJie

| _ (a,2)

X =
" (aq)

a=a=(2,3,-2,1).
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OpToronabHas MPOEKINS BEKTOPa T Ha HOIPOCTPAHCTBO LT eCTh B TOYHOCTH OPTOrOHAJLHAST
COCTaBJIAIONIAs BEKTOPa & MPU MPOEKTUPOBAHUN Ha MOApocTpancTBo L. Takum obpazom,

et=al, =(2,3,-2,1); dl=z-2t=(-1,2,44). O

BAJZIAYA 60. B npocmpancmee Mato(R) sewecmeenmvir mampuy 2 X 2 3adano ckasaproe npous-
sedenue (A, B) = tr (ATB). Hatimu opmozonasvhyro npoexyuro X u opmozonasvryro cocmasasio-

3
wyro X+ mampuyv, X = ( 9 5 ) npu npoexyuu Ha nodnpocmparcmeo L, 3adanroe cucmemot
AUHETHDT YpasHerul
tr(A) =0,
tr(JA) =0,
01
ede J = ( 10 )
Penitenwne.
_ ail  ai2 i
[Iycts A = o ) Torya cucrema ypaBHeHnwmii, 3a/1a101as MOIPOCTPAHCTBO L, meperu-
21 022

ChbIBa€TCd B BI/I,He
{ a1y + agz = 0,

91 — Q12 = 0.

BuaunT, L — 1ByMepHOe TOIIPOCTPAHCTBO ¢ basucom A = < (1) _(1) >, Ay = < (1) (1) ) Jlerko mpo-

BEPUTH, UYTO MaTPHUIlbl A; 1 Ay OPTOroHAJIBHBI OTHOCUTEIHLHO 38 IaHHOTO CKAJISIPHOTO ITPOM3BEICHNS,
3HAYHUT, OPTOrOHAJIbHAS TTPOCKIUS MATPUIIBI X Ha MOJIIPOCTPAHCTBO L BBIYHUCIACTCI 110 (hopMyie

(AhX)

Xl =
(AhAl)

A+

Brranciissem CKaJIdpHbIE ITPOU3BEICHNA:

10
(A1, 4y) = tr(ATA}) = ta ( Lo ) 5
(A, X) =tr(A7X) = tr 34 _ )
Y 1 2 _5 s
(A, Ag) = tr(ATA) =t [ L 0 ) =2
no 27 0 1 !
(Ag. X) = tr(ATX) =tr | 72 ° ) =2
2 2 3 4 .
3Hauur,
-1 43
= = : Lox o xl=
X = A1+A2_< 11)) Xt =—x X_<_34). O
BAIAYA 61. Hatmu paccmosanue om sekmopa v = (1,1,3,1) do aunetnozo nodnpocmpancmea

L=1{1,0,1,-2),(1,1,1,3)).
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Penienne.

I cmocob.

[Iycrs e = (1,0,1,—2) m ey = (1,1, 1,3); 971 BeKTOPBI 06pa3yoT 6a3uc mompocTpancTsa L.
Paccrosinme h oT BekTOpa v 70 MOAIPOCTPAHCTBa L paBHO JI/IMHE BBICOTHI TapaJlie/enneia, HaTs-
HYTOTO H& BEKTODBI U, €1 U €o, ONYIIEHHON Ha ero rpaHb, HATAHYTYIO HA BEKTOPBI €1 U €3. SHAYUT,
paccrosinie h paBHO OTHOIIEHUIO TPEXMEPHOIO 00bEMA IMapaJuiesielnuieid, HaTSHyTOr0 Ha BEKTO-
pPbl U, €1 U €3, K JIBYMEPHOMY OODLEMY TapaJuLieselnie/ia, HaTIHyTOTO Ha BEKTOPBI €1 U es. Kak
U3BECTHO, O0BEM HapaJlIe/IeluIe/a, HATSHYTOrO Ha, CUCTEMY BEKTOPOB, PaBeH KBaJAPaTHOMY KOPHIO
U3 OIpEJIe/TUTE T MaTPHIlhl ['paMa 3Toil cucTeMbl BEKTOPOB, 3HAYHT,

g3(U7 €1, 62)
92(617 62)

rie gs(v, e, ex) u ga(eq, eg) — onpeiesiuresin MaTpuIl ['pama crucTeM BEKTOPOB U, €1, g U €1, €3 COOT-
BETCTBEHHO. Borunciisgem:

(’U,U) = 12, (’U)el) = 27 (07 62) — 8’

(€1, €1) = 63 (e1,€9) = —4; (€9, 69) = 12.

3HaunT,
12 2 8 6 —4
g3(7}, 617 62) — 2 6 _4 == ].127 92(617 62) = _4 12 = 56
8§ —4 12
CrenosaresbHo, h = 922(7();1;22 =+/2.0
II cnocob.

Haiiném oproroHaibHyIO IIPOEKINIO BEKTOpa v Ha HoAnpocTpaHcTBo L. Tak Kak BEKTODHI
er = (1,0,1,—2) mw ey = (1, 1,1, 3) o6pasytor 6a3uc noanpocTpancTsa L, 3Ta OpTOrOHAJbHAS TPOEK-
U UMeeT BH/T

ol = Xey + pey = (N =+ g, o, A+ p1, —2X\ + 3p)

JIJI HEKOTOPBIX A 1 . Torja oproroHa/ibHas COCTAB/IAIONIAd BEKTOPa ¥ 1O OTHOIIEHUIO K ITOJIIPO-
cTpancTBy L paBHa

vh=v—ovl =@ =N 1 —p,3 =X —p, 142\ —3p).

SaaneM yciaoBugd TOro, 9To BEKTOD UJ‘ OpTOI'OHaJIEH BEKTOpaM €1 U €g:
(vh,e1) =2 — 6X +4p = 0;
(v, ey) = 8 44X — 121 = 0.

Orta cucreMa JIUHEHHBIX ypaBHeHI/II/I nMeeT eJNMHCTBEHHOE pemeHI/Ie /\ = 17 o= 1. HO,ZLCT&BJIHH 9THU

3HAYCHUA B BBHIDAYKeHUs [Ulf BeKTopa vo, momydaem v- = (—1

BEKTOpa v JI0 IoAnpocTpancTsa L pasno [vt| = /2. O

,0). BHauutr, paccrogHue or

BAAYA 62. Hatmu yeoa meostcdy eexmopom v = (1,0,1,0) u aunetnvm nodnpocmparncmeom L,
3a0a6aeMbM CUCTNEMOT YPABHEHUT
V92?2 — 223 + 2% = 0;
22t — 2% — 323 4+ 22" = 0.
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Pemienne. |

Kocumyc nckomoro yrita ¢ BEIIUCIgeTCsT 10 GOPMYJIe COS ¢ = l\UT\” rie vl — oproronasnbHas mpo-
eKIMsl BeKTOpa v Ha mojnpocrpanctso L. Jymua Bexropa vl pasma paccrosmmio h or BexTOopa v
1o qmHeiiHoro mommpocrpancrsa LT, IlommpocrpancTso LY mopoxkjaeTcs BEKTOPAMH, KOODIMHA-
TBI KOTOPBIX CYTh KO3 DUIMEHTH! JIMHEHHBIX YPaBHEHNN, 33/ IaI0IUX OIIPOCTPAHCTBO L, TO €CTh
BekTopamu e; = (1,—2,—2,1) u e5 = (2,—1,—3,2). BHaunT, KBaJpPAT PACCTOSHUSA OT BEKTOPa U
710 TIojinpocTpancTsa L paBHO oTHOmIeHHe onpejenuTeneit g3(v, ey, ex) u ga(er, eo) marpun 'pama
CUCTEM BEKTOPOB U, €1, €3 U €1, €5 COOTBETCTBEHHO. Bhrauciisem,

('U,U) = 2’ (U,el) = —1’ (U,GQ) — _1’
(61, 61) = 107 (61,62) = 12, (62,62) = 18.
3naunr,
2 -1 -1
10 12
gs(v,er,e2) = | =1 10 12 | = 68; ga(e1, €2) = ‘ 18 18 ' -5
-1 12 18
CrenoBaTesbHO,

h _ g3(v761762) _ \/ﬁ
ga(€1, €2) 3

h V17

@ = arccos ;— = arccos —=

|v] 3v2

Takum obpaszom,

3.5 T'eomerpus acdpdUHHBIX €BKJINA0BBIX IPOCTPAHCTB

BAZIAYA 63. Hatimu dauny u ocrosanue nepnendurysapa, onyuiennozo uz mowru M(3,—4,6,0,3)
Ha NAOCKOCY, Nporodswyro wepes mpu mowku A(4,—2,3,6,0), B(6,0,1,3,3), C(8,—4,3,4,0).

Penienne.

Basuc nanpas/isiiomero JMHEHHOroO TOAIPOCTPAHCTBA IJI0CKOCTH P, poxosineii uepes Touku A,
B u C, cocraBasior BeKTOpbl a1 = AB = (2,2,—-2,-3,3), ay = %AC = (2,—1,0,—1,0). 3uaqwur,
apaMeTpUIecKoe ypaBHEHUE IJIOCKOCTH P uMeeT BUJL

¢

r1 =4+ 2s + 2t;
§C2:—2+28—t7

T3 = 3 — 2s;
Ty =0—3s—t;
T5 = 3S.

\

BrigcauMm, KakuM 3HAYEHUAM [TaPpAMETPOB S U £ COOTBETCTBYET ocHOBaHUE [N MEePIEHIUKYIIPa, OIy-
—
MIEHHOTO Ha IJIOCKOCTH P u3 Touku M. Bektop M N nepnenimKyasgpeH BeKTopaM a; U ag. Vmeewm,

—
MN = (142s+2t,24+2s—t,—3—25,6 —3s —t,—3+ 3s).
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— —
[TosTomy ycsioBus (M N, a1> =0mn (M N, a2> = () mepenmCHIBAIOTCA B BUJIE CUCTEMBI JIMHEIHBIX

ypaBHeHuit
—15+4 30s + 5t = 0;
—6+ 55+ 6t = 0.
SAIAYA 64. Hatimu yzon meorcdy npamots ““11_5 = $2_J;6 = 3532_1 = $45r2 U NAOCKOCMBIO, NPOTOdAUeT

wepes mouku A(3,2,1,4), B(5,1,—-2,6) u C(4,3,0,5).

Pemenne.

Yroa Mexry IpAMOil U IJIOCKOCTBIO PABEH YIJIy MEK/Iy HAITPABJILIONIUM BEKTOPOM IIPAMON U
HATPABJISIONIAM JIMTHEHHBIM TIO/IITPOCTPAHCTBOM ILTOCKOCTH. HarpaBgiomnuii BEKTOP JTaHHOM TPAMOit
pased a = (1,—1,2,0), a HanpasJisitoiree JIUHEHHOE TOAIPOCTPAHCTBO L JAHHOI II0OCKOCTH HATAHYTO
Ha BeKTOPBI 1 = AB = (2,—1,—-3,2) nu ey = AC = (1,1,—1,1). Kpagpar paccrosinusi OT BEKTOpa @
JIO JTMHEHHOTO TOAITPOCTPpaHCTBa L BbIUUC/IAETC 110 (hopMyJie

h2 _ g(aa €1, 62)
g(€1> 62)

rie g(a, e, e2) u g(eg, ex) — onpeiesuTe i MaTpuIl [ pama crucTeM BEKTOPOB a, €1, €9 1 €1, €2 COOTBET-
CTBEHHO. Borunciisem,

6 —3 =2 18 6
g(a7 €1, 62) - _3 18 6 - 180, 9(617 62) = = 36’
2 6 4 6 4

oTKyaa h = /5. 3HAUNT, CHHYC MCKOMOTO YIJIa MEZKY BEKTOPOM @ U TIOIIIPOCTPAHCTBOM L BBIMMC-

Jigercs 1o popmyJie
si h \/g arcsi \/g 0
1n = — = —: = arcsin ey
°= T ¥ 5

BAJIAYA 65. Hatimu paccmosmue mescdy npamot £, nporodswetd wepes dee mowrku A(1,4,—2,4)
u B(2,1,—1,5), u naockocmwvio P, nporodsawetds wepes mpu mouwku C(—4,2,0,1), D(—4,1,—1,1)
uE(—4,1,1,2).

Penienne.
. 1D
Hamnpasasionm BekTopoM mipsimoii ¢ siBiisiercst Bektop AB = (1,—-3,1,1). Basuc nanpasisio-

—
Iero JINHEHOrO MOJIIPOCTPaHCTBa i Ttockoctu P cocrasisior Bekropel CD = (0,—1,—1,0)
—
u CE = (0,—1,1,1). Paccrostaue p ot npsimoii ¢ mo tutockoctu P paBHO JJIMHE OPTOrOHAJILHO
—
cocrapsstioreil Bekropa AC' = (=5, —2,2, —3) 110 OTHONIEHUIO K JIMHEHHOMY O/IIPOCTPAHCTBY, 10
poxaeaHomy BekTopamu AB, CD u C'E. PacemorpuMm napasuienenuies 11, HATSHYTBIT Ha BEKTOPBI
_— = = — . . —
AB, CD, CE u AC. Uckomas JjimHa OPTOrOHAJBHON cocTaBismomeil Bekropa AC paBHa iHe

—S — =
BBICOTHI MTapaJsitenenumesaa 1, omymennoit Ha runeprpatb, HaTIHYTYI0 Ha BeKTOphl AB, CD nu C'E.
SHaunr,

AB,CD,CE, AC
P = —_— — — J
Vs (A ,CD,CE)

(35,05, 70
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rjie Vi u V3 — COOTBETCTBEHHO YETBIPEXMEPHBIN U TPEXMEPHbIH 00bEMBI MAapaJIIeIeIUIIe/ 0B, HATI-

. —_— — — —
HyTBIX Ha yKa3aHHble BeKTOpbl. O0béM V) <AB, CD,CFE, AC’> paBeH MOJIYJIIO OIPEJICUTENsA, CO-

—
cTaBJIeHHOTO 13 KoopauHaT BekTopoB AB, CD, CE u AC"

1 -3 1 1
o 0 -1 -1 0

Vi(AB,CD,CE,AC) = || o | | |||-2.
5 -2 2 -3

O6bém V3 (AB, CD, E) paBeH KBaJIpaTHOMY KOPHIO U3 OIpeJIeTUTed MaTpullbl ['pama BeKTO-

—_
[\

%(T,CT’),(TE): V10.

SN

=ECEN

w o ot
I

Buaunrt, p = % =2y10. 0

SAIAYA 66. Hatimu paccmosrue meacdy npamot { u naockocmuvio P:

(= (5, 0,-2, 4) + <(07 1,3, 2)>§

p. r1 — 229 — 3x3 + 4y = 3;
" xy — 4wy — 225 +4ay = 5.

Pemienne.

Ha npsimoii £ texkur Touka A = (5,0, —2,4); B KauecTBe TOUKH, JIeXKAIeil B IJIOCKOCTH P MOYKHO
B34Tb, HapuMep, Touky B = (9,0, 2,0). Umeem, AB = (4,0,4,4). Ilycrs Ly u Ly — HampasJistroriye
JINHEHHBbIE TTOAIIPOCTPAaHCTBa psAMoit ¢ u mmockoctu P coorBercrBerHo. Torja paccrosaue oT mpsi-
Moit £ j10 TIocKOCTH P paBHO JI/ITMHE OPTOrOHAJIBHON COCTABJISIIONIE BEKTOPa AB 10 OTHONIEHHIO K
O/IITPOCTPAHCTBY L1 4 Lo, TO €CTh, J/IMHE OPTOrOHAJILHON ITPOEKITMU BEKTOPA AB [IPU TIPOEKITH Ha
nojtnpoctpanctso (Ly + Lo)*t.

Haiiném 6asuc nompocrpanctsa (Ly + Lo)t = L N Ly. B KauecTBe BEKTOPOB, IOPOZKIAIONIIX
TIO/IIPOCTPAHCTBO L MOMXKHO B3ATh BEKTOPbI, COCTABICHHBIC 13 KO3(DhUIMEHTOB JIHHEHHBIX ypaB-
HEHWIl, 3a/IA0IIX [IOCKOCTh P, TO ecTh BeKTOphI v3 = (1, —2,—3,4) n vy = (1, —4, —2,4). 3uaqwur,
ITPOM3BOJILHBITT BEKTOD MOIMPOCTPAHCTBA Ly MMeeT BHT

v =Avy + pvy = (A4 p, =21 — 4p, =3\ — 2p, 4N + 4p).

BbIsicHEM, KaKne U3 TaKUX BEKTOPOB U JIEJKAT B MOIPOCTPAHCTBE Li, TO eCTh TepHeH MKy IAPHbI
sekTopy a = (0,1,3,2):

0= (v,a) = =2\ —4p+3(=3X —2u) + 24\ + 4p) = =31 — 2p.

DTO ypaBHEHNE NMEET ¢ TOYHOCTBIO /10 IPOIOPIMOHAIBHOCTH €IMHCTBEHHOE perenne A = —2, 1 = 3.
BnauuT, nognpoctpanctso (L + Lo)T nopoxkaeno sekTopom v = —2v; + 3vg = (1, —8,0,4). Takum
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obpas3oM, paccTosHue OT HPsSMOi £ JI0 TIOCKOCTU PP paBHO J/TMHE OPTOTOHAJILHON MPOEKIIUKA BEKTO-
—
pa AB Ha HalpaBjieHUE BEKTOpa U:

[(AB,v)| 20
U

|v] 9
BAJIAYA 67. IIpamas { npoxodum uepes dee mouwru A(3,1,2,4) u B(4,2,3,6), a naockocmov P —
uepes mpu mouwku C'(2,1,3,—1), D(6,1,0,2) u E(3,0,2,0). Hanucamo ypasnenue obuiezo nepnen-
duryaapa x npamoti L u naockocmu P u natimu ezo dauny.

Pemrenne.
. -
Hanpasasgionm BekTopoM mpsimoii ¢ siBiisiercst Bektop a = AB = (1,1,1,2); 6a3uc Hampasis-

———
IOIIEro JIMHEHHOTO TO/IIPOCTPAHCTBA IJIOCKOCTH P coctaBisttor BekTopbl by = C'D = (4,0,—-3,3) u

—
by = CFE = (1,—1,—1,1). Buaunt, upsmast £ 1 mI0CKOCTb P 33a10TCs CIeYIONMMHI TTapaMeTprie-
CKUMU YPABHEHUSMU:

r1 =3+t r1 =2+ 4u +v;
To =141 Ty =1—w;

l 2 P 2
r3 =2+t T3 =3 — 3u — v;
ry =4+ 2t; gy = —1+4+3u+w.

—
Cnenosarenbno, Bektrop M N nisg Touek M € £ u N € P, oTBedaionux 3Ha4eHUIO TapamMeTpa t u
3HAYEHUAM IapaMeTPOB U U ¥ COOTBETCTBEHHO, PaBEH

—
MN = (-1—-t+4u+uv,—t —v,1 —t —3u—v,—5—2t + 3u+v).

Touku M u N gaBIAOTCA OCHOBAHUSIMU ODOIIEr0 MEPIEHIUKY/IsIpa K IpsMoii £ u mrockoctu P torga
TOJIBKO TOTJIa, KOTJIa BEKTOP MN MePIEHUKY/ISIPEH BEKTOPaM a, by 1 by. DTO ycjioBre JAa6T CUCTEMY
JIMHEHAHBIX ypaBHEHUN
—7t+ Tu+v = 10;
—Tt + 34u + 10v = 22;
—t+10u+4v =7,

KOTOpasl UMeeT €JITHCTBEHHOe pellleHue t = —%, u = —%, v o= %. 3Ha4NUT, OCHOBAHUA OOIIEro

HepHeHIUKY/IsIpa K mpsaMoit £ u miockoctu P cyTb Touka M € (, orBevaronias 3HATEHUIO TapaMeT-

pat = —3, u touka N € P, oTBevaloNmas 3HAMCHUAM HAPAMETPOB U = —%, U = . Beraumcisen:
—
M = (%, —%, %, %), N = (%, —%, %, %), MN = (§, —%, 1, —1). YpaBHEHHE UCKOMOI'O ODIIEro IepIieH-

JuKyaspa— npamoit M N — umeer BujL

5 1 2 4
.CE1—§_£E2+§_.CE3—§_$4—§

3 -1 2 -2 7

a JIJTMHA OOITEro MepIeHIuKY/Ispa paBHa

9 1 3
MN=y/"4+-+1+1="2 O
TR

N
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BAIAYA 68. Hatmu paccmosnue mencdy naockocmuvio, npoxodsuet epes mowku Ai(—2,4,5,1),
Bi(—1,6,6,2) u (1(2,9,4,3), u mnaockocmwio, nporodawels wepes mouku As(8,4,20,—10),
By(7,5,28,—11) u C5(13,4,19, —17).

Pemenne.

[Iycts P, n P, — nBe maHHbIe 1JI0CKOCTH, Ly 1 Lo — HalpaBJIsiOINIe JTMHEHHbIE TOITPOCTPAHCTBA,
g maockocteit P u P, cooTBeTcTBeHHO. TOra MCKOMOE PAaCCTOAHHME P MEXKJIY IIOCKOCTAMHU P

—

u P, paBHO JjIiHe OPTOrOHAJBHON cocrapisitoreii Bektopa AjA; = (10,0,15,—11) no orHorIe-
HUAIO K JIUHEeWHOMY TognpocTtpancTtBy L = Li + Lo. IloampoctpancTBo L mopoxKaaeTcsd BeKTOpa-

—_— —_— — —_— B
MU AlBl = (1, 2, ]_, 1), AlCl = (4, 5, —1, 2), A2B2 = (—1, 1,8, —].) u AQCQ = (5,0, —1, —7) HafmeM
6a3uc nojrpocTpancTea L:

12 1 1 1 2 1 1 121 1
45 -1 2 0 -3 -5 -2 013 —0
11 8 1| 1o 3 9 ol "[oo0o2 -1 (3.6)
50 —1 —7 0 —10 —6 —12 000 0

Taxum 06pazoM, OAPOCTPAHCTBO L TpéXxMepHO 1 ero 6a3uc cocranisior BekTopsl (1,2, 1,1), (0,1,3,0)
u (0,0,2,—1). OproronajbHasi COCTABJSIONAS BEKTOPA A—lA_; 110 OTHOIIIEHUIO K TIOJIITPOCTPAHCTBY L
COBITQ/IA€T C OPTOTOHAJLHON MPOEKIIel BEKTOpa m Ha ojiHOMepHoe moanpocTpancTso L. TTo-
npocTpancTBo Lt 3aaéTes cucTeMoit 0JIHOPOIHBIX JIMHEHHLIX ypaBHeHuii ¢ Mmarpuneii (3.6), 1o cTpo-
KaM KOTOPO# BBIITMCAHBI KOOPIMHATHI BEKTOPOB Oa3uca mojpocTpancTsa L. EquHcTBEHHBIM ¢ TOY-
HOCTBIO JIO IIPOIOPIMOHAIBHOCTH PeIlieHneM 3TOi CUCTeMbl JIMHEHHBIX ypaBHEHU sIBJISIETCS BEKTOP
n = (3,-3,1,2). Bnaunt, L+ — muHeitHOE TOAIPOCTPAHCTBO, TIOPOKICHHOE BeKTOpoM n. CiemoBa-
TeJIbHO, ICKOMOE PACCTOAHUE p MEXKTY TJIOCKOCTAMU P; 1 P paBHO JI/TMHE OPTOTOHAJIHLHON TPOEKITUN
BEKTOpa m_g) Ha HaIpaBJIeHuEe BEKTOpa N, OTKY/Ia

A Ay n
p:K 1|n2| )‘252_3:\/2—3‘ B

BAJZIAYA 69. B npocmpancmse Rs[x] 3adano crkaraproe npoussederue

(f,9) = /_1 f(z)g(z) dx.

Hatdimu paccmosanue mesicdy npamoti £, cocmoawetli us 6cex mmo2ourenos cuda r° + axr + a, u
naockocmwio P, cocmosweti us 6cex mmozouaernos cuda br® + 2x + c.

Pemrenne.

Muorowren z°

JIeXKUT B TpsaMoit ¢, a muOrouwren 2x — B mwiockoctu P. Ilosromy mckomoe pac-
CTOSHHE p OT UPAMOit ¢ 710 TIOCKOCTH P paBHO JIMHE OPTOTOHAJILHONW COCTABJISIONIEH MHOTOMIE-
Ha 7% — 27 110 OTHOIMIEHHIO K JIMHEHHOMY IIOJIPOCTPAHCTBY L, TIOPOKISHHOMY MHOTOUIeHaMu 1, 22
u 1+ x. 3amernMm, 94T0 L — HOAIPOCTPAHCTBO BCEX MHOTOYJIEHOB CTelleHn He Bbiiie 2. B gwacTHoCcTH,
MHOTOYJICH 2% JIEXKUT B MOJIPOCTPAHCTBE L, CJIe/IOBATEILHO, OPTOrOHAIbHAS COCTABJIAIONIAT MHO-
rousiena 3 — 2x 1o oTHOIIEHUIO K L COBIaaeT ¢ OPTOrOHAJLHOMN coCTaBIsoNIeil MHOrOUIeHa o3 10
OTHOIIEHUIO K L. 3aMeTnM Terneph, ITO MOIMPOCTPAHCTBA YETHBIX U HEIETHBIX MHOTOJIEHOB OPTOIO-
HAJIbHBI OTHOCUTE/IHHO 38/JAHHOTO CKAJISIPHOTO ITpou3Be/ieHusA. [[09TOMY OpTOroHaIbHAs COCTABIISIO-

Iasi MHOTOYJIeHa o> 110 OTHOIIEHHIO K nonpoctpanctsy L = (1, x, 22) coBnajaer ¢ opToroHaIbHOI
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COCT&BJ’[HIOHLGI';I MHOI'O4JIECHa $3 IO OTHOIIEHUIO K OJHOMEPHOMY IIOJIIPOCTPAHCTBY < > Ora opTOoro-

HaJIbHAasI COCTaBJIAONMAs f MOXKeT ObITh HaiieHa Ipu HOMOHLI/I dopmybI Hpouecca OPTOrOHAJIU3AITT

I'pama—IIIMuara qis napsl Bektopos @, 23: f(z) = 3 — Az, e A = ((3“;6 g; Nnteem,

)"

! 2 ! 2

(x,x3) :/ zrdr = =2, (m,x):/ 2?dr = =,
-1 5 -1 3

— gx Brurauciigem,

1 2 1
5 0 , 25 2 10 2 25 2 152
3 6 4 2
(> /_l(x 39“") v /_1<x 3$+9x> T T3 59737 180

Takum obpaszom,

snaunr, f(r) = 23

3.6 n-MepHBbIii KyO 1 n-MepHBII CUMILJIEKC

BAIAYA 70. Jlaa npasusviozo n-mepnozo cumnaekca ¢ pebpom 1 natimu ez2o paduyc onucannot
oxpyorcnocmu R, paduyc 6nucannoll oKpyHcHOCU Ty U 08YDAHHOIL Y20N Oty MENHCOY 08YMA €20
(n — 1)-meprovimu epanamu.

Pentenwne.

[TpaBuUIBLHLI N-MEPHBIH CUMILIEKC yI00HO peain3oBaTh B npocTpamcrse R™! ¢ pepmmmamm
Ay = (1,0,0,...,0), A, = (0,1,0,...,0), A3 = (0,0,1,...,0), ..., A,sq = (0,0,0,...,1). IIpas-
1a, Pebpo MOJIYUEHHOr0 TAKIM 00pa3oM IPaBIILHOrO cuMminiekca A" pasmo e 1, a v/2. ITosromy
BeJINUNHA JIByTPAHHOIO YIJIa JJist Hero Oy/IeT COBIAJATh ¢ HCKOMOM (OHa He MeHSIeTCsl pH mpeobpa-
30BaHUU TIOJI00M ), & PAIYChl BIIMCAHHON U OIMCAHHON OKPY?KHOCTH HAJI0 OYJIeT MOTOM Pa3/e/uTh
Ha /2.

Hamomuuwm, aro miearpom Macc Touek Xi, Xo, ..., Xy ¢ MaccaMu mq, Ma, . .., My COOTBETCTBEHHO
(TaKI/IMI/I, YTO CyMMapHasi Macca my + Mg + ... + my # O) HA3bIBAETCA TOYKA X C PAJUYC-BEKTOPOM

_O—)_() - mO0Xy +myO0Xy + ... —I—ka—>Xk.
- ml—i—mg—i——i—mk ’
9Ta TOYKa HE€ 3aBUCUT OT BbI60pa Ha4daJla KOOpJIUHAT O
enrp [ cummiekca A™ eCTh IEHTP MAcCC €ro BEPIINH (¢ MaccaMu 1o 1), 3HAYHUT, PajinyC-BEKTOP
TOYKHU [ BBIYHUCJISIETCA 110 POpMYyJIe

— — —
B n+1 S \n+ln+1" " n41)

(B kauectBe O MBI GepéM cTaHapTHOE HAYaJI0 KOOPAMHAT B IIpocTpancTse R™HL.)
Pannyc onmcanmnoii oKpy»KHOCTH paBeH PACCTOSHUIO OT €ro IeHTpa [ J10 000l U3 ero BepInH,
Harpumep, 10 A;. Berauciasgem:

TA, =0A, —O] = [ ! L.
e n+1 n+1""""" n+1)’
— 9 n 1 n®+n n
[744] (n—i—l) T T T i mrlE nil

~
T, cJlaraeMbIX
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BHAYUT, paJInyc ONMUCAHHON OKPYKHOCTH cuMILIeKca A™ paBeH , /i 1T00BL Oy IuTh pauyc omu-
CAHHOI OKPYZKHOCTHU IPABUJIBHOI'O N-MEPHOI'O CHUMILTIEKca ¢ peOPOM 1, 3TO 4nC/I0 HYy?KHO Pas3/ienTh
2; TakuM obpazoMm, R, m
Cumriuteke A" nmeer n + 1 runeprpafb, TO €CTh I'PaHb pa3MepHOCTH n — 1; KaxKjas U3 TUIep-
rpameii ecTb MPaBWILHBIA (1 — 1)-MEpHBIl CHMILIEKC, BEPIIHHAME KOTOPOTO SIBJISIIOTCS BCE TOY-
ku A, ..., A, 1, KpoMme Kakoit-uubyab ojuoit A;. IlenTp [; runeprpanu, mMpOTHUBOJIEKAINEH BeEp-
muHe A;, siBJisieTcs IeHTPOM Macc Bcex Touek Aq, ..., A, 1, KpoMe ToUkn A;, 3HAYUT,

1 _, 11 1 1 1
Ol = - zymjz(ﬂ—ww—@—,w—)
n por n n n n n

rae 0 crouT Ha i-oM Mecte. Torga

T -0L —01 1 1 1 1 1 1
I, =OI,— Ol = , . R . .
n(n+1)" n(n+1) nn+1)" n+1"nn+1) n(n+1)

Paguyc Brmcanmnoit okpyzxuoctu cuminiekca A™ papen jymHe orpeska [ [;. Beraucisem:

1 1 1
w2 e r)?  amtD)

11 =

BHaunT, paJinyc BIUCAHHON OKpy:KHOCTH cuMILiekca A™ paBeH \/% a paJinycC BINCAHHON OKPY K-
nn

+1)’
1

HOCTHU IIPABUJILHOTO N-MEPHOI'0 CUMILIEKca ¢ pedpom 1 paBeH r, = T
n{n

—
Bekrop [I; siBjisieTcst BEKTOPOM BHEIIHEH HOpMaJIH K rureprpanu F; cuminiekca A", TpoTuBoJIe-
JKateit Bepmute A;. 3HaUUT, IByTPaHHBII yTOJI (v, MEXKLy ABYMs rutieprpanamu [; u F; pasen m— 3,

— = e
rae 3 — yros mexxay Bexktopamu [1; u I1;. Beranciaaa ckanaproe nponssesenne sekTopos [1; n 11,

MBI TIOJTy9aeM CyMMy n + 1 cjaraeMbIX, U3 KOTOPBIX 1 — 1 craraeMbIX paBHBI m, a JiBa cjiara-
€MBIX — i-0€ M j-0€ — DaBHBI —m. Snaunr,
<[—> [—>) n—1 2 B 1
D) T m2(n+1)2 nn+1)2 0 ni(n+1)
CaenoBaTesibHO,
— —
@%]J )
cos 3 = — T = ——
]

Takum obpaszom,

o, =T — [ = arccos

S|
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3.7 Meton HamMeHbOINX KBaJPATOB W MHTEPIOJAANNA (PyHK-
i

SAIAYA T1. Memodom naumenvwur keadpamos naiimu ncesdopeuetue Heco8MecmHot CuUCmeMmbl

AUHETUHDIT YPasHerul
(

ot 2t =2,

ot =2t — a2t =2,

Pemrenne.
JlanHas cucreMa JMHEHHBIX ypaBHeHW nMeer Buj Ax = b, rie

1 p

1 -1 p
1|, =] o
1 1
0

1

1

A= 0
0

-1 1

== O ==

ITceBioperienreM HECOBMECTHOH cucreMbl Ax = b gpidgerca ToT BekTop & € R’ 11 KOTOpOTro
KBaJIpaT JUIHbl | Az — b|? mpuHuMaeT HauMeHbIee BO3MOXKHOe 3Hadenue. Toraa Az — opToroHais-
Hasl MpoeKImsl BekTopa b Ha snuHeitHoe nomnpocrpanctBo Im(A). Crenoarensro, Bektop Ar — b
opToroHaJjeH BceM BekTopaM Buja Ay, rie y € Ro:

0= (Ay, Ax — b) = (Ay)" (Az — b) = y" (AT Ax — ATD).

Tak Kak 3TO PaBEHCTBO UMeeT MecTO Jyid BeeX y € RS, MbI 1Io/IydaeM, 4To HceBIopelIeHne T saBJis-
ercs perenueM cucrembl juHeitnbx ypasnennit AT Az = ATb. (Ormerum, uro marpuna AT A ecrnb

marpuria ['pama cton6rios Marpuner A.) Beraucisewm:
310 3
ATA=11 4 3 |; ATh=| -2
0 3 4 -1

Pemaem cucremy mmneiinerx ypasuennit AT Az = ATb:

31 0] 3 1 4 3| -2 1 4 3 1 4 3|-2
143|-2—1{10-11 -9 9| —017] 5 ])]—| 01 7| 5
0 3 4|1 0 3 4|1 0 3 4 0 0 17| 16

Buaunt, 2* = 2, 2 =5 —72® = =3 2! = -2 — 42? — 32 = % Taxum 06pasoM, HCKOMBIM
26 21 16
TICEBJIOPEIIEHNEM SBJISETCS BEKTOD T = (17, T 17). U

BALAYA 72. Memodom Hnaumenvuux x6adpamos Hatimu 6 e6KAUIOGOM NPOCTPAHCMEE HENPEPDLG-
) 1
nour Pymrkuud na ompesre [—1,1] co ckanaprom npouseedenuem (f,g) = [, f(z)g(x) dz unmepno-

AAYUIO (Hauaywwee cpednexsaopamuyHoe npubiustcerue) GYrKuuL e* npu nomoust Cucmemvl GyHk-

wutli p1(x) =1, pao(x) = x, p3(x) = 2.
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Pemmenne.
Unrepnonsimonnas byukims st GyHkiun f(z) = e* umeer Buj

L(z) = a101(x) + asps(x) + azps(r) = a1 + asx + azx® (3.7)

JUUIsl HEKOTODBIX a1, ag U az. Kosaddurmenrsr ai, ay u az Haxoustes us yeqaosuii (L — f, ;) = 0,
i =1,2,3. U3 paBencrsa (3.7) mosydaem, 4to

(L, i) = a1(p1, @i) + az(p2, ¢i) + as(ws, ;).

[Mostomy yemoBust (L — f, ;) = 0 epenuchlBAlOTCs B BUJIE CUCTEMbI JINHEHHBIX YPABHEHUIT

(P1,01) (1,02) (1, 03) a (f, 1)
(P2,01) (p2,02) (p2,93) az = (f, p2) (3.8)
(¢3,01) (03,902) (@3, 03) as (f5 ¥3)

Beraucisgem (s k, 1 > 0):

2
1 -
(xk,aﬁl):/ e de = k+1+1

1 0, ecsmt k + [ medérno.

ecyi k + [ 1érHO;

BnaunT, MaTpuna I'pama cucremsl byHKImit 1, 2, 2° mveer Buj

o S N
aie Wy O
S gy O

BrorancauM Teneph cKaJasgpHbBIE IPOU3BEICHIA HKIII €* C HKIIUAMA 1, T 1 LL’SZ
)

1
(e, 1) :/ e“dr=e—e !

1

1 ) 1
(", ) = / xe®dr = (ze®)| — / e“dr=(e+e ) —(et+et)=2e"

1 -1 1
1 1
+6/ e’ dr =

1 1 1

(e”,2%) = / e’ dr = (2°e")| — 3/ 2’ dr = (e +e 1) — 3 (z%")

_]_ —1 _1
=(etel)y—3e—et)+12e7! = —2e+ 16e".

Buaunt, cucrema (3.8) HEpEICHIBACTCS B BUIE

_ —1.
201 = e —e

2 2

gag + gag = 26_1;
2 2
pl2+=ay = —2e + 16e7 1.
Pemras sty cucremy, Haxomm
e—et 105e — 765e~! 1295¢~! — 175e
ap = s a9 = as = .
2 4 4

SHaUNT, UCKOMasi MHTEPIOJIANMOHHAs (PYHKIS PaBHA

e—e ! 105e¢ — 765e! 1295e¢~! — 175e 3
L(z) = 5 + 1 x + 1 x”.

g




I'maBa 4

JlnHeliHbIe onlepaTopbl B €BKJNJJIOBBIX 1
SPMUTOBBIX IIPOCTPAHCTBAX

4.1 Conps>k€HHbIE OIIepaTOPhI

SAIAYA 73. Onepamop L umeem 6 opmoHopmuposaHHom 6a3uce e, € I8YMEPH020 e8KAUIOEG NPO-
CMPAHCMEa MAMPULY
2 1
4 = ( 2! ) |

Hatmu mampuyy Ap« conpaotcénnozo onepamopa L* 6 mom oice basuce.
Pemenne. Kak n3BectHo, orneparopsl L n L* cBI3aHbI COOTHOIIEHUEM
*
(Lo, w) = (v, L*w), (4.1)

rje (-,+) — eBKJIUJOBO CKAJISPHOE MIPOU3BEJIEHUE, & U M W [POM3BOJIbHBIE BEKTOPbI. 3AIHIIEM 3TO
COOTHOIIIEHNE B KOOp/MHATaX. IlycTh BEKTOp v MMeeT KOOpAMHATHI (V1,V2), BEKTOP W MMeeT KOOp-
JIMHATHI (W1, Ws), TOTJIA €BKJINIOBO CKAJSIPHOE TIPOU3BEJIEHNE B KOOP/MHATAX UMEET BUJL

(v,w) = viwy + vaws = (v Vy) ( Z; ) - ( z; )T(Z; )

Cootrorrrenne (4.1) npuHIMaeT TOra BH/T

()] ()= (o) e (),

9TO 3KBUBaJICHTHO COOTHOIIIECHUIO

<2)T’4€($>:<ZQ)TAL*(7{Z$)- (12)

Tak KaK BEKTODPbI ¥ U W MPOU3BOJILHBI, COOTHOIIEHNE (4.2) SKBUBAJIEHTHO COOTHOIIEHNIO Ap« = A:LF.
Takum obpaszom,
A (2 1\ _(2
L*_(—1 o) _(1 0 )

68
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SAIAYA T4. [lycmb 6 Hekomopom opmoHopMUpo8aHHoMm 6a3uce MPETMEPHO20 E6KAUIOBA NPOCPAH-
cmea 3a0arv. 6EKMOPDL

fi=(0,1,1), £=(-1,1,1), f£=(1,0,1).

ITyecmv onepamop L 3adan ceoeti mampuueri

3 11
AL = 1 50
-3 27

6 basuce fi, fy, f3. Hatimu mampuuy Ar« conpaoscénnozo onepamopa L* 6 mom owce basuce.

Pemenne. Kak u B 3a7aue 73 oneparopst L u L* csazanbl cootHomenuneM (4.1), HO Temneps y
Hac jana marpuiia Ay oneparopa L B 6a3uce fi, fy, f3, KoTopbIit He ABJISIETCS OPTOHOPMUPOBAHHBIM.
[Iycts G — marpura ['pama sToro 6asmca, To ecTh

(fi,f1) (fi,f2) (fi,£3) 2 2 -1
G=| (£,fi)) (f,f) (f,f;) | = 2 3 =2
(f3,f1) (f3,f2) (fs,f5) -1 -2 2

[Iycrb koopamHaThl BeKTOpOB v U w B 6asuce fi, fy, f5, umetor Bun (vq, v9,v3) u (wy, we, ws). Torma
CKaJIAPHOE IIPOM3BEJICHIE B KOOPIMHATAX IPUHAMAET BH/I

T
U1 wh
(v,w) = | o G| w
V3 ws

u coorHorenue (4.1) npuHUMaeT B MaTpUIHO (hopme BuI

T T

U1 w1 U1 w1
A L V2 G Wa = (%] GA L* Wo y
U3 ws U3 w3
YTO 3KBHUBaAJIECHTHO COOTHOIIIEHNIO
T T
U1 w1 U1 W1
V2 Az G w9 = V2 G AL* W9 . (43)
V3 ws V3 Ws

BekTopbl v 1 W IIPOU3BOJILHBI, OITOMY paBeHCTBO (4.3) skBubajenTHo pasenctBy GAp- = ATG,
OTKYy/Ia TIoJIydaeM (pOpMYITy

_ 17T
A =G AL G.
Ocraércst HAWTH OTBET MPSIMbBIM BBIYUCIEHUEM I10 3TOH (hopmyie:

-1 T

2 2 -1 3 11 2 2 -1 7T 16 =21
A = 2 3 =2 1 50 2 3 =2 |=| -2 -16 27
-1 -2 2 -3 2 7 -1 -2 2 -1 —13 23
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4.2 Camoconpsa>k€HHbIe OIlepaToOpPhbI

BAJIAYA 75 (Ne1585 u3 [2]). Hatimu opmonopmuposantoidl 6a3uc u3 COOCMEEHHOT 6EKMOPOS U
mampuuy B 6 amom bazuce aunetinozo onepamopa, 3a0aHH020 6 HEKOMOPOM OPTOHOMUPOSAHHOM
basuce ey, €y, €3 mampuuet

11 2 -8
A= 2 2 10
-8 10 5

Permternue. 3amernm, 910 oneparop, 3aJ@HHbIil MaTpureir A, saBjsieTcs caMOCONPSKEHHBIM, a
[IOTOMY OPTOI'OHAJIbHBIM IPEe00PA30BAHMEM MOYKET OBbIThb JIMArOHAJM3UPOBAH, TO €CTh CYIIECTBYET
6a3uc m3 cOOCTBEHHBIX BEKTOPOB, M B 3TOM 0a3mce MaTPHIA OePATOpa JUArOHAIbHA.

Haurém ¢ moncka coberBeHHBIX uncest MmaTpuiibl A. XapakTepucTuiecKuii MHOTOMIEH PaBeH

1—Xx 2 -8
P(\) = 2 2—X 10 |=-\*+18)\* + 81\ — 1458.
—8 10 5—X

Kak usBectHo, ecaum y P(\) ecThb pannoHaIbHBI KOPEHb, TO OH JIOJKEH OBITh JICJUTEIEM UHC/IA
1458. 3amerum, uro 1458 = 2 - 3°. Tlepebupast jesmresn, HaxoiuM, uTo 9 apiagercs kopHem P()).
Paznenmus P(\) cronbukom Ha A — 9, mosrydaem

P(\) = (A= 9)(=A? 4+ 9\ + 162).

Kopuu ksagparnoro muorodiena —A? + 9\ + 162 cyts —9 u 18. Takum o6pa3oM, coOGCTBEHHBIMU
qucamMu MaTpunbl A sgBigrores Ay = 9, Ay = —9 u A3 = 18. Hymeparust coOCTBEHHBIX YHCET
BbIOpaHa HAMH IMPOU3BOJILHO, HO TOW HyMepalluu, pa3 BBIOPAHHO, cJie/lyeT HPUJIEPKUBATHCI B
TTaJIbHENIIIEM.

Haiiiém Teniepnb 6a3nc n3 coOCTBEHHBIX BEKTOPOB. K cyacThio, B JAHHOM CJIydae 6ce COOCMGEHHDIE
YUCAA MAMPUUDL PA3AUYHDL, T 9TO CHIBHO objerdaer pabory. Ciydail, Korga cpeaud cOOCTBEHHBIX
YHCeJT €CTh COBITaIAIONINE, PACCMOTPEH B 33 1a4e 76.

[Tycrs £y, £ u f5 uckombie coberBernbie BekTopshl. Ecmn Bekrop f; mmeer koopauuatsl (1, Ta, T3)
B Oazuce ej, €, €3, TO IMEET MECTO COOTHOIIIEHUE

sl
(A — )\1) ) = 0.
T3

Tak kak A\ = 9, TO 3TO COOTHOITIEHNE TPUHUMAET BU/T

2 2 =8 1
2 =7 10 r9 | =0.
-8 10 —4 T3

DTO crucTeMa OJTHOPOIHBIX JIMHEHHBIX YPaBHEHUIA, KOTOPYIO JIerKo peruTh. ObIee perrenne nmveer
BUJ T = 2T3, Ty = 2X3,T3 = T3, TO €CThb B Da3uce e, €q, €3, BekTop f; nmeer Buj (23,273, 3).
Tax Kak MBI HUIEM OPMOHOPMUPOSAHHBIT DA3KUC, TO ITO BEKTOP AOJKEH UMETh €INHUIHYIO JJIMHY,
ITOTOMY

\/(2$3)2 + (2I3)2 + SL’% = ].,
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OTKyJla T3 = j:%. 3HaK MOXKHO BbIOpaTh IPOU3BOJILHBIM 0Opa3oM. Boibpas, nanpumep, rs = %,
moJjiydaemM, 9to BekTop f; umeer B Oasuce e, €, €3, KOOPJAMHATHI (%, %, %) Tak KaK MbI UCIIOJIb3yEM

TOJILKO KOOD/INHATHI B Oasnce €1, €y, €3, TO OyJAeM 3allChIBATh 3TO IIPOCTO KaK

221
333

1 =
AHajIoru4Ho Mol HaXOoAuM, 9TO

f2: 17—2’2 y f3: _g’1’2 .
3 33 333

B 6a3uce f;, fy, f3 nam quneitabiit oepaTop Oy/eT nMeTh IUArOHAJBHYIO MaTpuily B, y KOTOpOil Ha
JIMaroOHAJIM CTOAT COOCTBEHHBIE YUC/IA B TOM IMOPSJIKE, B KOTOPOM MBI MX 3aHYMEPOBAJIN:

9 0 O
B=10 -9 0
0 0 18

Cocrapum Terneps u3 kKoopauHat BekTopoB fi, fo, f3 marpumy C' cremyromum obpasom: B mepBbIit
cToJIOerr 3aImineM KoopauHaThl BeKTopa f; B Oasnce e, €, €3, BO BTOPOil cTOI0EI 3aIuIeM KOOp-
auHAThl BekTopa fy B ToMm ke Oasmce, a B TpeTuii croJider;, — KOoOpaAnHaThl BekTopa f3 B TOoM Ke
Hazuce:

2 1 2

3 3 3

- 2 2 1

C=13 3 3

1 2 2

3 3 3

Torma uMmeer MecTO PaBEHCTBO
B=CTAC,

10 ectb (' W eCTh OPTOrOHAJIbHAS MATPHUIA TEpexoa OT OPTOHOPMAJLHOTO Oasmca €1, €y, €3, K
oproHopmasibnomy Oasucy fi, fo, f3.

BameruM, uto det C' = —1, TO ecTh 3Ta 3aMeHa KOODPJMHAT MeHseT opueHTaIuo. Ecin Obl Mbl
XOTesu, 9ToObI 3aMeHa Oa3uca COXPaHsAIa OPUEHTAIUI0, TO Mbl Obl U3MEHWJIM 3HAK Yy OJIHOIO W3

6a3MCHBIX BEKTOPOB: HAIIPUMED, MbI MOT/IN Obl B3ATDH f3 = (%, —%, —%) O

BAJIAYA 76 (Ne1586 u3 [2]). Hatimu opmonopmuposantoill 6a3uc u3 COOCMEEHHBIT 6EKMOPOS U
mampuyy B 6 amom baszuce aunetinozo onepamopa, 3a0aHH020 68 HEKOMOPOM OPMOHOMUPOSAHHOM
basuce ey, €y, €3 Mampuyed

17 -8 4
A= -8 17 —4
4 —4 11

Pemenune. Otneparop, 3ajannbiii MaTpurieit A, saBISETCs CaMOCOIPSKEHHBIM, MTOITOMY CyIIe-
cTByeT 6a3uc n3 COOCTBEHHBIX BEKTOPOB, U B 9TOM 0a3uce MaTPHIlA OMEPATOpa JINaroHaJILHA.

Kak u B 3amaue 75 HauHéM C MOMCKa COOCTBEHHBIX Uuces Marpuilbl A. XapakTepucTUIeCKuit
MHOTOYJIEH paBeH

PN =| -8 17—X —4 |=—-X4+45)\* — 567\ + 2187.
4 —4 11—
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Y10o0b! HANTH KOPHU XapPaKTEPUCTHIECKOTO MHOTOUJIEHA, CHAYAJIA TI0JI0MPAEM OJINH KOPEHb, TO/I-
crapjIds jesuTean cBobogHoro xoadgdurmenta 2187 = 37. Hanpumep, MOXKHO OOHAPY?KHTDL, UTO
KOpHeM siByisiercst 9. Pasnmesnus cronbukom P(\) Ha A — 9 mosydaem

P(\) = (A —9)(—A?* + 36\ — 243).

Kopuan kBajpaTHOro Muorowitena —A? 4+ 36\ — 243 maiitu yxKe jerko: 310 9 u 27.
B pesyibrare Mbl BUJIUM, 9TO COOCTBEHHBIE YnCIa MATPUILI A cyTb Ay =9, Ay =9 u \3 = 27. B
OT/IMYHE OT 3aJa4u 75 cpedu cOOCMBEHHBIT YUCEN eCTND KPAMHbLE, ITO YCIOXKHIET PEIleHue.
Hauném ¢ cobcrBennoro guciaa A3 = 27 kparnoctu 1. TyT Bcé Kak B 3aja4e 75. Eciin BekTop f3
MMeeT KOOPJIMHATHI (1, T2, T3) B 6asuce e, €y, €3, TO UMEET MECTO COOTHOIIEHHEe

€
(A — )\3) i) = O,
x3
TO €CThb
-8 —-10 —4 Lo = 0.
4 —4 16 T3
OOb1ree perrrenne 3Toi CUCTEMBI JIMHEHHBIX ypaBHEHUIT UMeeT BUJ X1 = 2X3, To = —2X3, T3 = T3, TO

ecTb B basuce €1, €, €3, BekTop f mmeer Buj (223, —2x3, r3). Tak Kak HAM HY’KEeH BEKTOD €MHUTHOMN
JJIAHBI, TO T3 = j:%. Bribpas, nanpumep, 3 = %, MOy IaeM

(221}
37 33

PaccmoTrpum Tereph cobcTBenHble 3HaUEHUA A\ = A\ = 9. Marpura

8§ —8 4
A-9F=1| -8 8 —4
4 —4 2

He IPOCTO BBIPOXKJIEHA, a UMeeT PaHr 1, 9TO BHJIHO M3 TOIO, UYTO BCE €€ CTPOKHU ITPOTOPIMOHAJIBLHEL.
[TosToMy cucTema JIMHEHHBIX ypaBHEHUIA

8 -8 4 1
8 8 —4 2 | =0 (4.4)
4 —4 2 s

nMeeT dsymeproe TpocTpaHcTBO perennii. B kadectse f; u fy HaM HYKHBI /1B TaKUX PEIIEHNUs, ITO
COOTBETCTBYIOIINE BEKTOPHI UMEIOT JUIMHY 1 M OPTOrOHAIBHBI JAPYT APYry. HT00BI 3TOr0 J00UTHC,
HocTynuM TakuM obpazoMm. CHavasa permuM BO3bMEM IIPOM3BOJILHOE HEHYJIEBOE PellleHne JIMHeHHO
cucrembl (4.4), nanpumep (1,1,0). Tak Kak HaM Hy?KeH BEKTOD €IMHUIHOI JITTMHBI, TO OTHOPMEUPYEM
€ro u Bo3bMEM B KadecTse fi,

()

Yrobw!l Haiitu fy ecTh pasHbie cnocodbl. Pa3bepém aBa M3 HUX.
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[TepBrlit crtocob ocHOBAH HA TOM, YTO Mbl HAXOIMMCS B TPEXMEPHOM IIPOCTPAHCTBE, IIO9TOMY €CJIN
MBI 3HaeM JiBa Oas3ucHbIX BekTopa f; n f3 m3 oproHopMupoBaHHOrO Oasnca, TO OCTAIOIINNICI BEKTOD
MOXKHO HaiiT depe3 BEKTOPHOE IPOU3BEICHNE:

€ €y €3

f,p=068]=| 35 —3
11

V2o V2

1 1 4
3v2' 3v2 32

O Wi

Bropoii criocob He UCHo/b3yeT TPEXMEPHOCTD IIPOCTPAHCTBA (& IIOTOMY TOJUTCS B CJIydae Ipo-
M3BOJIbHOM PA3MEpPHOCTH) U OCHOBAH Ha TOM, 4TO B KauecTBe fy MOXKHO BBIODATH peEIlleHUe CHCTEMbI
JuHelHbIX ypasHeHuil (4.4), oproronanabaoe BeKTOpy fi. DTO yCI0BHE OPTOrOHAIBLHOCTH TOXKE sIB-
JIsleTCsl JIMHEHHbIM yPABHEHHEM ¥ Mbl IIOJIydaeM cucTeMy (U3 TPEX NPOHOPIUOHAIBHBIX YPABHEeHUI
B (4.4) MBI OCTABUJIN TOJHKO TPETHE)

4 —4 2 11
1 1 0 Zo = 0.
V2 V2 T3

Obiriee perreHne 9TOi CHCTEMbI IMEET BH (—i.’lfg, ;11333,.11:3) . YcaoBue eIUHUIHON AINHBI JaET HaM

_ 4 4 _ 4
T3 = iﬁ' Bribpas, nanpumep, r3 = 33 loJTydaem

f 1 1 4
2 3\/573\/573\/5 )

YTO COBIAIAET C OTBETOM, TTOIYICHHBIM MPEJIBILYIIUM CIIoco00oM. Ecin ObI MbI BLIOpaJIH IPYyTOil 3HAK
y T3, TO OTBETHI PA3JINIAIUCH Obl 3HAKOM.

Teneps MOXKHO KaK M B PeIIEHUN 33JIa9d 7D MOCTPOUTH OPTOTOHAJILHYIO MaTpuiry C' mepexo/ia
OT OPTOHOPMAJILHOTO Da3uca e, €;, €3, K oproHopMmasibHoMmy basucy fi, fo, f3, 3anucas o cronbiam
KoopauHaThl BekTopos fi, fy, f3 :

1 1 2
V2 3vV2 3
C = 41 2
- V2 3V2 3
0 A 1
3v2 3
TOI‘,ILa nMeeTr MeCTO paBEHCTBO
9 0 0
B=CcTAC=109 0 |,
0 0 27

KaK U JIOJZKHO OBITD.

Bamernm, ato det C' = 1, TO ecTh 3TO OPTOrOHAIBHOE TPeobpa30BaHUe, COXPAHSIONIEe OPUEHTa~
nuio. Eciu 661 9T0 ObLIO HEe TakK, & HY>KHO ObLJIO ObI UMEHHO TaKoe IIpeodpa3oBaHue, TO JIOCTATOYHO
OBLIO OBl YMHOXKUTH Ha —1 OJIMH U3 6a3UCHBIX BEKTOPOB. [
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4.3 OproroHajbHble 1 YHUTAPHBIE OIIEePATOPHI

BAJIAYA 77 (Ne1578 U3 [2]). Jlaa dannot yrumaprol mampuiyol

443 4 —6-—2
A=-| —4i 4-3i —-2-6i (4.5)
6+2 —-2-6i 1

Hatimu dua2onaroryto mampuyy B u ynumapryro mampuyy () maxue, 4mo
B = Q'AQ.

Pemenne. Kak nssecrno, s 1o060ro yHUTAPHOI'O OIIEpaTOpa CyIIECTBYeT TaAKOH OPTOHOPMUPO-
BaHHLI 6a31Uc, 9TO MATPHUIA OLEePaTOpa B 3TOM 0a3uce AMArOHAJbLHA U Ha JAMArOHAJIU CTOAT YHCIIA,
1[I0 MO/LYJIIO PaBHbIE euHuIE. [[09TOMY peleHne oxoxKe Ha pelleHne 3a/a4 JIUaroHaJ u3amil CaMo-
COIPSI2KEHHBIX OIEPATOPOB, CM. 3aja4u 7 u 76.

Hauném ¢ nomcka cobCTBEHHBIX 1Hce. XapaKTepUCTHIeCKUii MHOroYIeH MaTpullbl A pasen (He
3a0y1eM PO MHOXKUTEJIb % nepeJi Marpuiieit B hopmyste (4.5)!)

443\ M 6%
9 9 9
PA)=det(A—AE)=| =2 A8\ 6= NP NN+ 1L
621 —2-6i 1y
9 9 9

Hawm nputiioch mpojieniaTh CJI0KHbIE BBIYUC/ICHUS, YTOOBI HANTH XapaKTEePUCTUICCKUIT MHOTOYJICH,
HO MbI BO3HAIDAXKJIEHbI 32 TPYJbl: CaM XapakKTepUCTHIeCKuil MHOrowieH P(\) J0CTaTOYHO MPOCT.
Cpa3sy BHIHO, 9TO y HEro ojiuH u3 KopHeit pasen 1. Pazgenus crogbukom P(\) Ha A — 1, mosydamm

PA) = (A —=1)(=A*—1).

OueBn1HO, 9TO KOpHAMHU MHOrowieHa —A2 — 1 apiaiorcs ¢ u —i. TakuMm obpa3oM, cobGCTBEHHbIE
qucyia Mmarpunibl A cytb Ay = 1, Ao = i u A\3 = —i¢. Boibpannas nHamu HyMepaius COOCTBEHHBIX IUCET
[IPOU3BOJIbHA, HO Pa3 BLIOPAB €€, MbI JIOJIKHBI IIPUJICPKUBATHCS €€ /10 KOHIIA PEICHUS 3a/Ia9H.

BameTum, 9TO Bce COOCTBEHHBIE YUC/IA TTOJTY IUIUCH 110 MOJIYJII0 PaBHBIE €IUHUIE, KAK U JIOJIZKHO
ObITh. Ecm 661 9T0 OBLIO HE TaK, TO 9TO OBl 3HAYUJIO, ITO MbI OIMIUOJIUCH B IIPEBIIYINIX BbIYUCTIC-
HUSX.

Hawm moBesio B ToOM, 9TO 6ce COOCMBEHHDIE YUCAA Pa3Hble, STO YIPOIIAeT JAJbHEHIIyI0 paboTy.
Eciu 661 ObLIM KpaTHBIE COOCTBEHHBIE UMC/Ia, TO MbI ObI B Ja/IbHENIIEM HMOCTYIAJIH Obl aHAJIOT Y-
HO 3asade 76. Haiiiém Temepsh oproHOpMUpOBaHHBIM Oa3uc n3 cobcrBeHHbix BekTOpoB fi, fo, f3, B
KOTOPOM MaTpHIla oneparopa OyaeT JIuaroHabHOI.

Ecin Bekrop f; umeer koopaunarst (1, X9, 23), TO UMEET MECTO COOTHOIIEHUE

T
(A — )\1) ) = O,
T3
TO €CTb
443i 1 4i —6—2i
9 9 9 T
—44 4—34 —2—61 _
9 9 1 9 i) =0.
6+2i —2—6i 1 _q T3
9 9 9



4.3. Oprorona/ibHbIC U YHHTAPHBIC OIIEPATODBI 75

Ob6imee perenne umeer Buj (—2ixs, —2x3, r3). HaMm Hy»KHO pellieHre e MHUTHON JJINHBI, TIPUIEM Y
HaC He eBKJINJI0BO, & 9PMUTOBO CKAJSIPHOE MPOU3BEICHAE, TTOITOMY IIOJTydaeM YCJIOBUE

V/ (=2i3) (=) + (—205)(—205) + 2575 = 1,

TO €CTb
|$3|v4+4+ =1,

OTKYy/Ia T3 = %ew. BosbMmém, nanpumep, 3HavUEHNE T3 = %, OTKY/Ia MOJIyvdaeM

2. 21
fl =\|\—3%—5,5
3 3°3
AH&HOFHHHBIMH BbBIYUCJICHUAMUA I10JIYIUM (OTBeTI)I MOT'YT OTJIMYaTbCA YMHOXKEHUEM Ha .HIO6OG
KOMILJIEKCHOE IHCJIO, TI0 MOJLYJIIO paBHOE 1)

2. 12 1.2 2

f p— —_— —— —_— P— —_—— p— —
2 3Z> 37 3 ) 3 327 37 3

Toria nckomasi marpuiia () nuireTcd Kak MaTpuiia rnepexojia kK 6azucy fi, fy, f3, To ecth B iepBom
CTOJIOIE MUIITYTCA KoopAuHaThl BeKTopa fi, Bo Bropom — BekTopa fy, a B Tperbem — BekTOpa f3 :

. 2.
32

_ 2 1
Q=1 -3 —3

1 2
3 3

l

~

2 1
3 3

win win

Hermnocpe IcTBEHHBIM BBIYUCIEHHEM MOXKHO IIPOBEPUTDH, UT0 QQT = F| 10 ecTh 9TO U B caMOM JieJie
yHUTapHasg Marpuia. Torma

TO ecTb B — JruaroHaJibHad MaTpHlla, Ha JUalrOHaJiu KOTOpOfI CTOAT COOCTBEHHBIE YHCJIA B TOM
IopsAJaKe, B KOTOPOM MbI U3 3aHyMEPOBaJIN. ]

BAZIAYA 78 (Ne1571 u3 [2]). Jlasa opmozonasvrozo npeobpazosarus o, 36041020 6 0OPMOHOPMU-
posanmnom basuce mampuuel

Wi Win W=

A:

Wi Wi wiNy
Wi Wl Wi

HATMU 0OPMOHOPMUPOSAHHLIT 0a3UC, 6 KOmopom mampuua B smozo onepamopa umeem karnonuue-
cxuti eud. Hatimu smom xanornuveckut suo.

Pentenne. Haurém ¢ moncka coOCTBEHHBIX drces MATpUIlbl A. XapaKTepuCTHIeCKIi MHOTOUIEH
uMeeT BU/I

win
|
>
[S1\)
|
W=

P()) = det(A — AE) =

wiro
|

-A 2 ==X+ A-1

Wl

W=
win
Wi

>~



76 I'maBa 4. Jluneitnple omepaTopbl B €BKJIHJIOBBIX H SPMHUTOBBIX ITPOCTPAHCTBAX

Cpasy BuzHo, uto 1 aBisercsa kopuem P(\). Pasznemms P(\) cronbukom ma A — 1, moaydaem
PA) = (A —=1)(=A*+1).

Kopuamu kpajparnoro muoroutena —A? 4+ 1 apiasiorea 1 u —1. B pesyabraTe Mbl BHIEM, 9TO
COOCTBEHHBIE YHCIa CYTh A\ = Ao = 1 u A3 = —1. BoiOpannas namu HyMeparus cOOCTBEHHBIX YHCET
MIPOU3BOJIbHA, HO, BEIOpAB €€, MbI JIOJIZKHBI IIPUJIEPKUBATHCA €€ JI0 KOHIA PEeIeHns 38 /1adu.

K cuacrbio, ece cobcmeentvie wucaa seuecmsertsie, ITO YIPOIIAET HAILy 3ajady. B mamHom
caydae UCKOMBIM opToHOpMupoBaHHBIi Oasuc fi, f5, f3 Oymer cocrosTh M3 COOCTBEHHBIX BEKTOPOB,
a KaHOHMYECKUM BHJIOM OyJIeT JMaroHajibHasg MaTpUlla ¢ COOCTBEHHBIMU YUCIAMU HA JIMATOHAJIU.
Cuayaait, Korjia cpeau COOCTBEHHBIX JHCENI €CTh KOMILIEKCHBIE, pACCMOTPEH B 3ajate 79.

[Iportie Bcero maiiTu 6a3ucHbBIl BeKTOD f3, OTBEeUaONMNT COOCTBEHHOMY 3HAUEHUIO A3 = —1 Kpat-
wocru 1. Ecyin Bektop f3 umeer koopauHatet (x1, Ta, T3), TO UMEET MECTO COOTHOIIECHUE

€
(A — /\3) i) = O,
€3
TO €CTb
5 2 _1
3 3 3 T
2 2 2 _
3 3 3 Ty | =0
_1 2 5 xs3
3 3 3

O61M perieHneM 3Toi CUCTeMbI JIMHEHHbBIX YPaBHEeHUi aBsgercs (3, —223, r3). Tak KaK HAM HYK-
HO pellleHne eIUHUYHON JIJIMHBI, TO T3 = j:\/ié. Bribpas, nanpumep, r3 = \/ié, oIy daeM

e (12 1
3 \/67 \/67\/6

Croxuee obcrout sieto ¢ cobcrBennbiMu BekTOpamu f; n fy, orBedaronumu cobcTBeHHOMY 3HA-
9eHuI0 A\ = Ay = 1 kparHocTu 2. COOTBETCTBYIOMAs CUCTEMa, JIMTHEHHBIX YPaBHEHUI MMeeT BT

€
(A — 1) ) = O,
T3
TO €CThb
_1 2 _1
3 3 3 T
2 4 2 _
_1 2 _1 T3
3 3 3

U IPOCTPAHCTBO €6 PeIlleHnil JIByMEPHO (3TO JIETKO BHJIETh — BCE CTPOKU MATPUIIBI IIPOIOPIIHOHAI b
ubl). O6Iee pererne Tofi CUCTEMbl JTUHEHHBIX ypaBHeHU uMmeer Buj (229 — T3, Tg, T3). Boibepem
IPOU3BOJIbHOE HeHysieBoe pemtenue, Hanpumep (—1,0,1). OTHOpMEUpPYeM ero Tak, YToObl MOJTYIUB-
MIMiica BEKTOP UMeJI ¢IMHIYHYIO JJIMHY, U BO3bBMEM ero B KadecTse f,

1 1

f=(-——,0—
1 V2 V2



4.3. Oprorona/ibHbIC U YHHTAPHBIC OIIEPATODBI 7

Mper 3uaem, ato fy goskeH O6bITh perernem cucteMbl (4.6), oproroHaabHBIM BeKTOPY f1, OTKy1a
[OJIy9aeM CHCTeMY YpaBHEHUil (MbI OCTaBHJIM TOJBKO MEpBoe ypaBHeHue B cucreme (4.6), Tak Kak
BCce ypaBHeHus B (4.6) IpONOPIHOHATLHBI )

12 1 1

3 3 3
1 L w2 | =0
V3 vz s

Ob1riee periierne 9TOi CHCTEMbI UMeeT BUJ (X3, T3, 3). OTHOPMHUPOBAB €ro, MoJIyIaeM

B naitiennom namum 6a3uce onepaTop ¢ MMEET MaTPHILY

10 0
=01 o],
00 —1

TaK KaK B 9TOM Oas3uce MaTpHUIlEHl JIOJKHa OBITH JMaroHa/ibHasd MaTpHIla, Ha JUaroHad KOTOPOit
JIOJIZKHBI PACIIOJIaraThCsd COOCTBEHHBIE YUC/Ia B TOM IOPAJIKE, B KOTOPOM OHM ObLIM 3aHYyMepPOBaHbI
HaMMU.

[Ipu keaHME MOXKHO JIOIOJTHATE/IHLHO BBIIIACATH OPTOrOHAIBHYI0 MaTpuily C' epexosa K 0asucy
fi, fy, f3, 3ammcaB B cTo6max 3TOM MATPHUIIBI KOOPAUHATHI COOTBETCTBYIONINX OA3MCHBIX BEKTOPOB,

D S L
V2 V3 V6
1 2
=1 Y 5 % |
4L L
V2 V3 V6

u ybemurbesa, uro B = C~1AC. O

BAZAYA 79 (Ne1574 u3 [2]). Hatmu kanonuveckuts 6ud B opmoe2onasvioti mampuib

A_

W Wl wiN

Wl WIN W
WIN WIN W

u opmozonarvryo mampuyy Q maxyro, wmo B = QTIAQ.

Pemtenne. Kak u B 3a1ade 78 Mbl HAUYHEM € HAXOXKJIEHUsS COOCTBEHHBIX YKMCEJ MATpPUILI A.
XapaKTEepUCTUIECKUT MHOTOUJIEH PaBeH

-\ -
P(\) =det(A—\E) = | 2

win

1 2
3 3

-\ - =\ 4+ 202 -2\ + 1.

Wi

1
3

—A

_1 2
3 3

winN

Jlerko mpoBepuTH HEMOCPEICTBEHHOMN MOICTAHOBKOM, UT0 1 saBisgerca kopaem P(\). Pazgermns P()\)
CcTOIOMKOM Ha A — 1, mosryvdaem

PA) =\ =1)(= N+ Xx-1).



78 I'maBa 4. Jluneitnple omepaTopbl B €BKJIHJIOBBIX H SPMHUTOBBIX ITPOCTPAHCTBAX

Kopaamu KBapaTHoro MuorowteHa —\2 4+ \ — 1 apisiorcs % + */752 u % — \/752 B pesyibrare Mbl
BHUJIUM, 9TO COOCTBEHHBIE YHCJIA CYyTb A\ = 1, Ay = % + \/731 u A3 = % — ‘?z Bribpannas namun

HyMepallisi COOCTBEHHBIX YHCE] IIPOU3BOJIbHA, HO, BHIOpAB €€, Mbl JIOJI?KHBI IIPUIEPKUBATHCA €€ 10
KOHIIa pereHns 3aa91.

B otsmmane ot 3aa4um 78 B 9T0# 3a1aM€ ecmb KOMNAEKCHBIE COOCNBEHHBLE YUCAQ, T ITO YCIOKHIET
zajady. [locTpoenne oproronabHOro 6asuca, B KOTOPOM MATPHUIlA OIIEPATOPA, 3aJJaHHOTO MaTpHIleit
A, Oymer uMeTh KaHOHUYIECKUI BUJ, HATHEM C HaxoxkKaeHns f; — coOCTBEHHOTO BEKTOpa € IMHUIHOMN
JunHbL MaTpuibl A ¢ cobcrBenubiM unciiom \; = 1. Eciu Bekrop f; umeer koopaunarsl (1, Te, T3),
TO UMEET MECTO COOTHOIIEHHNE

Z1
(A — )\1) ) = O,
x3
TO €CTb
1 _1 2
3 3 3 T
2 1 1 _
3 3 3 i) = 0.
_1 2 _1 T3
3 3 3

OObiree perrenne 3TO CHUCTEMBI JTUHEHHBIX ypPABHEHUN MMeeT BH/I (333,3:3, xg). Tak kak f; mosmken

OBITb €IMHUYHON JIJTMHBI, TO T3 = :I:\/Lg. Bzss, nanmpumep, rs = \/Lg, oJTy JaeM

¢ 1 1 1
1= T =T = =
V3 V3 V3
Haiiém Teneps coOCTBEHHBII BEKTOP V, OTBEYAIONINN COOCTBEHHOMY YUCTY Ao = % + ‘/752 Ecim
9TOT BEKTOP UMeET KOODJAMHATHI (X1, Lo, T'3), TO UMEET MECTO COOTHOIICHUE
x
(A — )\2) ) = O,
T3
TO €CTh
1_VE; 1 2
6 2 3 3 T
2 1_ V3, 1 =
3 6 2! 3 L2 0
_1 2 1_ V3, T3
3 3 6 2
Obrmee pert (=1 — MBi)gq, (=1 + L) K
IIiee pelreHne 9TOro ypaBHEHUsI NUMeeT BHU/I 5 — 5 1)x3, (=5 + 5%i)w3, 23 ) . Kak mMbl Bujum,
Kakoe Obl 3HAUEHNE T3 MbI HI B3sLIM, PE3yabTaT He OyIeT BellecTBeHHbIM. UTo Ke menarsh! laBaiite
BO3bMEM x3 = 1, Torma v = (—% — ‘/752', —% + \/752', 1) . IIpuMeHNB KOMILIEKCHOE CONpPsizKeHHe K

paBeHcTBY AV = \oyv, Mbl ostyunM AV = \oV. Tak Kak A BeIecTBEHHO, a Ao = A3, MBI TIOJTyIaeM
AV - )\3V,

TO €CThb V SBJISIETCSI COOCTBEHHBIM BEKTOPOM C COOCTBEHHBIM YHCIOM A3. DTO TOXKE KOMILIEKCHBI
BEKTOP.
BaMeTnM Terepb, 9TO BEKTOP

1 1
Rev = §(v—|—V) ={-373 1



4.4. IlonsspHoe pa3zJjoxkeHue 79

1 BEKTOD
1 _ V3 V3
Imv=—wv-v)=|—-—,—/—,0
21 2 2
SIBJITIOTCSI BEIECTBEHHBIM 0A3MCOM B IOJIIPOCTPAHCTBE, TOPOXKJIEHHOM COOCTBEHHBIMU BEKTOPAMH,
OTBEYAIONIUM A ¥ Ag. DTH BEKTOPBI y7Ke OPTOTOHAJIBHBI, HAM OCTAJIOCh TOJHKO OTHOPMUPOBATDH MX

1 B34Th B KadecTse fy u f3 :

1 1 2 1 1
fo=(-——&—,—4|, f=(—F,—4,0].
V6 V6 V6 V2 V2
Haiiném teneps marpuiy Q) nepexoja k 6asucy fi, fo, f3, 3ammcas KoopmHATBI 9TUX BEKTOPOB B
COOTBETCTBYIOIIHIE CTOJIOIDI:

4 1 1
V3 V6 V2
1 1 1
Q=% % ¥
12 0
V3 Ve
Tora
1 0 0
B=Q4Q={0 35 % |,
0 —v3 1
2 2

1 9TO U eCTh UCKOMasi KaHoHm4IecKas (popma — marpuna B basuce fi, £y, f3, omeparopa, 3aganroro
Marpurieii A B crangaprHoM Oasuce. [

4.4 IlongapHoe pa3JjioxKeHHUe

3A1AYA 80 (Nel600 U3 [2]). Mampuuy

4 =2 2
A= 4 4 -1
-2 4 2

npedcmaeumb 6 eude npO’U,SGe(?@’H,U.ﬂ cummempu%ecnoﬁ MaAmMpuysl, ¢ NOAOHCUIMENOHDILMU cobcmeen-
HYUMU YUCAAMU HA OPTNO2OHAANDHYIO MATNPUUY.

Pentenwne. /lonmyctum, 4TO MBI HAIILJIA UCKOMOE PA3JIOYKEHUE
A =S50,

rae S — cUMMeTpuYecKasi MATPUIA C MOJOKUATEILHBIMI COOCTBEHHBIMU umcaaMu, a () — opToro-
HaJIbHag MaTpura. lorma

AAT = SOOTST = SES = 5%

Taxum o6paszom, S aBagerca KopaeM Kpaaparabim 13 AAT . Hao6opoT, mycTs S aBiigeTcs HeKOTOPLIM
kopreM KajpaTHbM 13 AAT | To ects mycTs S yI0BIETBOPAET COOTHONICHUIO

AAT = §%,



80 I'maBa 4. Jluneitnple omepaTopbl B €BKJIHJIOBBIX H SPMHUTOBBIX ITPOCTPAHCTBAX

Onpenenum marpuity O dbopmysioit
O=S5"A.

Torma mbr mosryaaem uckombie S n O Tak Kak Marpuiia O OpTOroHAJIBHA:
00T = 871 AATS™ = 5715257 = F.

[IpsimMoe BbraucIeHuE JAET POPMYIIY

24 6 12
AA"=| 6 33 6
-12 6 24

DTa MaTPHUIA CHMMETPHYHA, a IIOTOMY MOKeT OBITH mpejcTasicna B suge CBCT, rne C' nomxoms-
masi OpTOroHaJIbHasi MaTpulla, a B — auaroHajbHasd MaTpUIa, cM. 3aja4dd 75 u 76. Haiigém sto
IpecTaBiIeHne. XapaKkTepucTudecknii Muorowien Marpunsl AAT pasen

P(\) = det(AAT — AE) = =\ + 81)\% — 1944\ + 11664.

[Tepebupas jpesmrenn auciaa 11664 = 2% - 3% maxomum kopenn 9. Jlens P()) crobukom Ha A — 9
OJTy YaeM

P(\) = (A = 9)(=A* + 72\ — 1296).

KopusamMu KBapaTHOro MHorowieHa — A2 4+ 72\ — 1296 apasiorcs 36 u 36. Taxum 06pas3oM, coOCTBEH-
uple nciaa Marpunsl AAT cyte A\; = 9, Ay = A3 = 36.

Tax kak y HaC €cTh COOCTBEHHBIE YHCJIa KPATHOCTHU 0OJIbINeit deM 1, TO uieM OpTOHOPMUPOBaH-
HBIIT Oa3nc U3 COOCTBEHHBIX BEKTOPOB KakK B 3ajade 75. B pesyibrare mosyunm, Halpumep, Oasuc
(MoOryT GBITH U JPyrUe OTBETHI)

2 12 12 45 25 55
f1: o) o979 | f2: _7_70 ) f3: - ) ) .
3 33 V5 V5 15715 " 15
BanuceiBas kKoopauHaThl BekTopos fi, fy, f3, mo cronbmam, nmonydaem marpuity C' nepexojia K opTo-
Hopmasibnomy Oasucy fi, fo, f5 :

2 L _ 45
3 5 15
= 1 2 25
C 3 5 15
2 0 5v5
3 15

Torna Bepno pasencrso B = CTAATC| rne B — nnaronaibHas MaTPUIA ¢ COOCTBEHHBIME YHCIAMA
Ha JIMaroHaJIn,

9 0 0
B=10 3 0
0 0 36

Torma AAT = CBCT u nerxo u3pieds KBajpaTHblil Kopenb. 1lycTs /B — KBaJpaTHBI KOpEHb 13
B

Y

S
Il
oo w
oo o
oo o



4.4. IlonsspHoe pa3zJjoxkeHue

Torna S = Cv/BCT — ksagparusiii kopens u3 AAT. B camowm nee,
$? = CVBCTCVBCT = CVBVBCT = CBCT = AA”.

HpHMOG BbIYHCJICHUE ,ZLaéT

—
~

= WIN Wl

—

|
Wi Wi @
e @R cono

|

T1o CUMMeETpHUIECKad MaTpUlla C IIOJIO2KUTEJIbHBIMUA COOCTBEHHDBIMU YHCJIAMU 3, 6 u 6.
TOF,ZL& MbI 3Ha€M U UCKOMYIO OPTOI'OHaJIbHYIO MaTpPHUILY

WIN Wi WIN

O=5"A=

Wl WIN W
WIN WIN Wl

B pesynbrare nosmyuaem mckomoe mpejicrasienne A = SO,

u 2 _4 2 _1 2
4 =2 2 3 3 3 3 3 3
_ 2 11 2 2 2 _1

4 4 1 - 3 3 3 3 3 3
-2 4 2 _4 2 14 _1 2 2
3 3 3 3 3 3



I'1aBa 5

KBajgparuanbie (popMbI

5.1 IIpuBenenune kBagparndHoii popMbl K HOPMAJILHOMY BHUIY
HEBBIPOXK/IEHHBIMI ITPe0Opa30BaHISIMI

BAIAYA 81 (Nel175 U3 [2]). Hatmu nopmasvhvill 6ud 6 004aCMU GEUECMEEHHBIT YUCEA KEAOPa-
muyrot Gopmol
:L‘% + mg + 3903 + dx129 + 20123 + 22223

Pemenne. [Ipumennm meros Jlarpanzka — MeTo I BblJIeJI€HNs ITOJTHBIX KBaIPaTOB.
[TocmoTpum cHagasa Ha BCe WIEHBI, cojepzKalliue rq U JOIMOJHAM HX JI0 IIOJIHOIO KBaJjpara:

23+ 42 4 22123 = (11 + 209 + 13)? — 405 — 23 — w073,
[Tonyuaem, 9To Hallla MCXOAHAA KBaJpaTudHas (opMa paBHa
(21 + 2wy + 23)% — 323 + 223 — 27573

Brimmiem TEIlEpb BCE YJICHbI, HE BOIIECJAUINE B IIEPBYIO CKO6Ky n coaepzKaliue ro, U JO0IIOJIHUM HUX
J0 IIOJIHOI'O KBaJdpaTa:

1\ 1
—325 — 29wz = — (\/§x2 + %%3) + ga:?,)

B pesynbrare nosydaeM, 4To ncxojHas KBaJipaTudHas popMa paBHA

1 \* 7
(21 + 229 + 23) — (\/5:52 + ﬁ!)ﬁ'g) + §$12”

JIuneitHas HEBBIPOXKIEHHAS 3aMeHa KOODIMHAT

V7
V3

MIEPEBOJIUT UCXOIHYIO KBaJIPATUIHYIO (DOPMY B €€ HOpMaJIbHBII BT

1

V3

By = x4 2%y + 13, T9= ~=x3, I3= 31y + —=13

=2 | =2 =2
T+ x5 — x3.

82



5.1. Ilpusenenne KBapaTuIHON (pOPMBI K HOPMAJIHLHOMY BHJIY HEBBIPOXKICHHBIMUI IIPE0OPA30BAHUSIMHUSS

BAAYA 82 (Nel1182 u3 [2]). Hatimu nopmarvhuiti 6ud U HEGBPOHCIEHHOE AUHETHOE NPE0bPA306a-
Hue, npusodaulee K Imomy 6udy, 0aa K6adpaMUIHOT PopPMvL

T1T9 + T1X3 + Tox3

Pemenne. Ecau MbI monpobyeM UCIOIB30BATh TO K€ METOJ[, YTO U B 3aJade 81, To HATKHEMCA
Ha [PENsITCTBUE: YeHA C T3 HeT U He $ICHO, KAK MOXKHO BBLIEJUTH MOJHBIH KBajapaT. Tak Kak y Hac
€CTh CJIaraeMoe T'1Ty, CJIeJaeM HEBBIPOKIEHHYIO JINHEHHYIO 3aMeHy KOODMHAT
Ty =T+ T2, T2 =T — T2, T3=1I3
U IOJIy9NM KBaJPaTHIHYIO (POpMY
I3 — T3 + 20,35
Kak u B 3a/1a1e 81, BbIIeINM 110CTIE/I0BATEIBHO IOJIHbIE KBa/IPATHL:
=2 =2 s S A2 A2 a2
Ty — T+ 20133 = (1 + T3)° — T5 — 5.
Torna uHeitHas 3aMeHa KOODIUHAT
1 =21+ xs3, Ty = T, fg = XT3 (51)
IIePEBOJUT UCXOJHYIO KBaJIDATHUIHYI0 (DOPMY B HOPMAaJIbHBII BH/I
=2 -2 -3

Ocraérest BBIPa3UTL KOHEYHBLIEC KOOPAMHATLI Y€pe3 NCXO/HbIC. HO,HCT&BIIHH

. 1 1 . 1 1 -
1= 57 + oTe T2 = 5l oy, T3 =13
B (5.1), noyaaem 3amMeny
r + + r L = r
Ty =01+ X+ X3, To=-T1 — =T, IT3=T3.
1 9 1 9 2 3 2 2 1 9 2, 3 3

O

BAZIAYA 83 (Ne1257 us [3]). Jas weadpamuunoir dgyrnkuul f u g 6bAcCHUMb, CYULECMEyem Au

aunetinoe npeobpasosanue, nepesodauee gynruyuto f 6 dynryuio g (0aa ydobemea underco, y Koop-
JUHAM NUWLYMCA CHUSY ).

1) f = 21‘% + 91’% + 3(13% + 8I1[E2 - 4I1[L'3 - ].01’2(133,

9 = 5y7 + 6y3 + 12y19s;
2) f=2x%+ 372+ 623 — 4139 — 411703 + 87973,
9 =4y7 +y5 + 93 — 12y1y3;

Pemntenmne. IlpuBeném ykazanubie KBaJpaTudnble (popMbl K HOpMaJbHOMY Buy. Mbl yKe 00-
CYZKJTaJIN, KaK 9TO JleJlaTh, B 3a1adax 81 u 82. B pe3ynbraTe MbI TOJTYYUM, UTO



84 I'maBa 5. KBajparuanbie (popMbl

1) f= 57% — i"%, TJie, HAIpUMep, T, = \/5201 + \/§x2 — \/§x3, Ty = Ty — T3;
9 =01 — 95, vae, manpunep, §1 = v6y1 + V6ys, 2 = y;

2) f =%+ I3, rje, HaupuUMep, I = V2x1 — V219 — \/§x3, To = Ty + 273;
9 = + 3 — 73, vae, nanpumep, g1 = 2y1 — 3y, J2 = 3ys, Uz = V8.

Tak Kak HOPMAaJILHBI BUJI KBaIPATHYHOM (DOPMBI €JIMHCTBEHEH, TO B cJlydae 2) KBaJpaTHuIHble
dopmbl f U g HE MOTYT OBITH I€PEBEJIEHDI APYT B JIpyTa JIMHEHHBIM [TPE00PA30BAHUEM, TOTOMY UTO
HOPMAJIbHBIN BUJI KBaIPATUIHBIX (OpM f U ¢ pa3HbIil.

B ciayuae 1) kBagparuanbie hOpMbI IMEIOT OJMHAKOBBIN HOPMAJIbHBIN BUJI, & 3TO 3HAYUT, YTO [
MOKHO II€PEBECTH JIMHEHHBIM TPeobpa30BaHuEM B (.

B camom gene, mycth A obo3HadaeT JuHeiHOe mpeobpa3oBaHUe, IMEPEBOAIIee KBAJIPATUIHYIO
dopmy f K HOpMaJILHOMY BULy, a B obo3HavuaeT JimHeliHOe IIpeodpa3oBanme, epeBo/isdiinee KBapa-
TUIHYIO0 (GOPMY ¢ K HOpMAJILHOMY Buly. Tak Kak y f U g HOpMaJIbHBIH BUJI OJIMHAKOB, TO JIMHEITHOE
npeobpazosanue B~ o A nepesoqutr KpagpaTuunyio ¢opMy f B g.

O

5.2 IlpuBenenune kBaapaTrudHoii GopMbl K KAHOHITYIECKOMY BU-
Ay OpTOrOHAJBHBLIMH IIPeo0pa30BaHUSIMU

BAJIAYA 84 (Ne1243 u3s [2]). Hatimu xanonuveckuli 6ud, K KOmopomy npusodumcs x6aopamusHas

popma
322 + 3:)3% + 4xx9 + 42125 — 20903 (5.2)

nOCPEICMEOM 0PMO20HANLHO20 NPEOOPAZOBAHUSA, HE HAT00A CAMO20 IMO20 NPEOOPA30EBAHUA.

Pernenue. 3anuieM cHavdaa MaTPUILY, COOTBETCTBYIOIILYIO PACCMATPUBACMON HAMU KBaIPATH -
Hoit hopme:
0o 2 2
A= 2 3 -1
2 -1 3
Kak msBecTHO, OpTOrOHAJILHBIE TPEOOPA3OBAHUS 0-0JIMHAKOBOMY IPEOOPA3YIOT MATPHIILI Olle-
paTopoB u KBaipaTudHbixX hopM. [losromy 3a1aua cBouTes K 3a/1a4e JUAroHaIu3aIul CaMOCOIIPsi-
JKEHHOT'O ollepaTopa, cM. 3a1adu 75 u 76. Ham He HyKHO camo mpeoOpa3oBaHue, a TOJIbKO UTOrOBasd
MaTpuiia. Mbl y>Ke 3HaeM, YTO y OIepaTopa IOCje JIUAroHaJIU3aIUN B MOJIYIUBIIENHCd MaTPUIE Ha
JIMArOHAJIM CTOAT cOOCTBeHHbIE yucya. Haiijiém ux B HaIeMm ciydae.
XapakTepucTuaecKnit MHOTOYJIEH MaTPUIbl A paBeH

-\ 2 2
PA) =det(A—AE)=| 2 3—-X -1 |=-X\+6)\-32
2 -1 3-2)

[lepebupast gemmTenn cBOOGOIHOTO HUaeHa 32 = 2°, HaX0AuM KOpeHb —2 XapaKTePUCTIIEeCKOTO MHO-
rounena. Paznenus P(\) croabukom Ha A + 2, MoJydaeM PaBEHCTBO

P(\) = (A +2)(—=A* + 8\ — 16).
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Kopuamu KsagpaTHOro MuorouaeHa —A\? + 8\ — 16 apiatorca 4 u 4. B pesynabrare, coGCTBeHHBIMU
quciaMi MaTpunbl A saBiagrorces Ay = —2 U Ay = A3 = 4. [TosTomy B OpTOHOPMHPOBAHHOM Oa3mce
13 COOCTBEHHBIX BEKTOPOB MATPHIA KBapaTudHoit ¢popmbl (5.2) Gyaer uMerb BHT

-2
0
0

O = O
- O O

OTKY/Ia IOJIy4daeM KaHOHIMYIEeCKUIl BH/I
=2 | 4s2 ) g2
—27] + 425 + 425
UJIH, PACIOJIOZKUB CIIEPBa MIOJIOXKUTE/IbHbIE COOCTBEHHBIE UHC/IA, & IIOTOM OTPHUIATEIbHBIE,
=2 | 42 -
477 + 475 — 273.
O

BAZIAYA 85 (Ne1248 u3 [2]). Hatimu opmozonasvhoe npeobpasosanue, npusodswee Keaopamui-

o opmy
623 + bas + Tr; — 4w179 + 41173 (5.3)

K KAHOHUYECKOMY Gu(?y U HANUCAMD IMOM KAHOHUMECKUT, 6UO.

Pernrenue. 3anmiiem criepBa MaTPHUILy, COOTBETCTBYONLYIO PACCMAaTPUBAEeMON HAMWU KBaIpaTHI-
HOIT popme:

6 -2 2
A= -2 5 0
2 0 7

Kak MbI y2ke ormMedasu B pereHnn 3a1a9u 84, opToroHaJibHbIe TPe0OPa30BaHUs 110-0OUHAKOBOMY
Ipeobpas3yoT MaTPHILI OIIEPATOPOB M KBaJApaTudHbIX (opm. [TosTomy 3ama4ua cBoauTCS K 3a1a4e
JIMATrOHAJIM3AIMU CAMOCOIIPSKEHHOTO OllepaTopa, M. 3ajda4dn 7o u 76.

XapakTepucTuieckuit MHOTOUIeH MaTpulibl A paBen

6-—\ —2 2
PA) =det(A—AXE)=| —2 5—X 0 |[=-=X34+18\% — 99\ + 162.
2 0 7-2\

Ilepebupas gesmTenn cBobogHoro wiena 162 = 2 - 3% maxommM KOpeHb 3 XapaKTePHCTHIECKOTO
mHOTOwIeHa. Paznenus P(\) crosbukoM Ha A — 3, MOJIy4YaeM pPaBEeHCTBO

P(A) = (A= 3)(=A* + 15X\ — 54).

KopHuamu KpajpaTHoro MHorodsiena —\? + 15\ — 54 apsatores 6 1 9. B pesyibrare, coGCTBeHHBIMI
qucaaMu MaTpuibl A aBigiorca A7 = 3 U Ay = 6, A3 = 9. [TosTomy B oproHOpMEPOBaHHOM Oasuce
13 COOCTBEHHBIX BEKTOPOB MaTpulla KBaapaTudHoil ¢popmer (5.3) OyjaeT umerb B

B =

S O W
S O O
o O O
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OTKYyJa IIoJIydaeM KaHOHUYEeCKUA B
377 + 635 + 973 (5.4)

O tHako, HAM B JIAHHOI 3a/1a1e Ha/JI0 HATH U OPTOTOHAJIBLHOE JIMHEHOe ITpeobpa3soBaHue, IIePeBo-
Jmee KBajgparudaryto dhopmy (5.3) B kKaHorndeckuii B (5.4). st 9T0r0 HaJ0 HAWTH OPTOHOPMU-
posanubiit 6asuc fi, fy, f3 3 cobcrBeHHBIX BEKTOPOB cuMMeTprdecKoil marpuribl A. Mbl 910 fenaim
yzKe B 3aJia4ax 75 u 76, m09TOMY IIPUBOJIUTH BCE J€Ta He OyaeMm.

CobcrBennble 49mcjia y HAC Bce pasHble Kak B 3ajade 75. Ecim Bektop f; mmeer koopmuHaTh!
(21,9, T3), TO UMEET MECTO COOTHOIIECHIE

sl
(A - )\1) ) =0.

€3

Tak Kak A\; = 3, TO 9TO COOTHOIIEHNE TPUHUMAET BU/T

3 -2 2 I
—2 2 0 T =0
2 0 4 T3

DTO crucTeMa OTHOPOIHBIX JIMHEHHBIX yPABHEHUI, KOTOPYIO JierKo peruTh. ObIee perrenne nmveer
Bt (—2x3, —2x3, x3). Tak Kak MbI UIIIEM OPTOHOPMUPOBAHHBIN GA3KC, TO ITOT BEKTOP JIOJIZKEH UMETh
€JIMHTIHYIO JUTUHY, TIO3TOMY X3 = j:%. 3HaK MOXKHO BBIOpaTh IIPOU3BOJILHBIM 00pa3oM. Bribepem
T3 = %, TOTJIa TOJTyYaeM

2 21

£, = (-2 2 -
! 37 33

Paccy}l{ﬂaﬂ AHaJIOTYIYHbBIM O6pa30M, MBI IIOJIyYaeM
1 2 2 2 12
f2: T 5979 |0 f3: 5 o) o
3°3 3 37 33

Matrpumna C nepexoja ot ucxoanoro dbasmca K 6asucy fp, fy, f3 cocrour n3 koopauHaT BeKTOpPOB
fi, f5, f3, 3ammcaHHBIX B COOTBETCTBYIONINX CTOJIOAX:

~2 _1 2
3 3 3
_ _2 2 _1
C= 3 3 3
1 2 2
3 3 3
Mo2KHO ITPOBEPUTH, UTO
B=CTAC.

Banucarh 3aMeHy KOOPJWHAT B TEPMUHAX T; U T; TOKE IMPOCTO:
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TO €CThb
2 1. 2

Ty = —gl‘l — gxz + §$37
2 2 1.

Ty = —gﬂcl + 5962 — §3U3,
- 2 -

I3 = g[l)l + gl‘g + gl’g.

MozKHO HEIOCPe/ICTBEHHOI MOJICTAHOBKO# YO IUThCsI, 9TO 9TO OPTOrOHAJbHOE Mpeodpa3oBaHue Iie-
pesoauT KBaparndnyo dopmy (5.3) B kBagparuanyo dGopmy (5.4). O

5.3 IlpuBenenue nmapbl KBagpaTUIHbIX (POPM K KAHOHIIECKO-
My BHY

BAJIAYA 86 (Ne1226 u3 [2]). Bowachumo, wmo 6 nape k6a0pamuuHuir $opm
f = 8x] — 2823 + 14x3 + 161175 + 142123 + 327973, g = a7 + 425 + 205 + 27173

00na hopma ABAAEMCA NOAOHCUMENLHO onpedesénnoti. Hatimu nesvipootcdenioe aunetinoe npeobpa-
3068aHUeE, NPUBOOAULEE IMY POPMY K HOPMAALHOMY, @ OPY2Yt0 hopmy Mot ce Napvl K KAHOHULECKOMY
6UdY, U HANUCAMB IMOM KAHOHUYECKUT 8UO.

Permrenune. Hauném ¢ Toro, 9ro 3ammiinemM MaTpHIlbI, OTBeYalOIIe HAIMNM KBaIPATHIHBIM (hOp-
MaM. KBajgparuanoit dopme f orBedaer marpuna

8 8 7
F=18 —-28 16 |,
7 16 14
KBaJIpaTUIHON (opMe g OTBEIaeT MATPUIIA
1 01
G=1040
1 0 2

Kaxk mbl 3naem u3 kpurepust CusibBecTpa, KBaJpaTudHas hopMa saBJIeTCs TMOJIOKUTETHHO Ollpe-
JIEJIEHHOI TOT/Ia U TOJTHKO TOIJIA, KOTJIA BCE IJIABHbIE MUHOPBI MTOJIOXKHUTEIbHBI. KBajipaTnanas ¢popma
f He sABJISeTCs TOJIOKUTETHHO OIPEJIE/TIEHHOM, TaK KaK

‘88

< _og ':—288<0.

A xBajgparuanas popma g ABIISIETCS MOJOKUTETBHO OIPEIeIEHHON, TaK KaK

1>0, ‘:4>0, =4>0.

10
0 4

—_ O
)
O O =
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Haﬂ,ﬂ,éM TOI'la COBMECTHDBIE COOCTBEHHDIE YUCJIA IHapbl MaTPHUI] Fn G, TO €CTb KOPpHU MHOI'OYJICHA

8— A\ 8 7— )\
PA)=det(F—)XG)=| 8 —28—4)\ 16 | = —4)X>+36)% + 324\ — 2916.
7\ 16 14 — 2\

Kak msBecTHO, €cji y 3TOro MHOIOWJIEHa €CTh HEKUI palllOHaJbHbIN KOPEHb %’, TO p — JeJINTE]b

2916 = 22 .35 a ¢ — memmress 4 = 22. Ilepebmpas KOHEWHOe KOJIMYIECTBO BAPHAHTOB, HailéM,
Hanpumep, Kopenb 9. Pasnemus P()\) cronbukoMm Ha A — 9, I0TydaeM PaBEHCTBO

P(A) = (A —9)(—4)\* + 324).

Kopusamu ksajparHoro muorodnena —4\? + 324 apnaiores 9 u —9. B pesyibrare, cOBMECTHBIME
cobcTBeHHbIMI dnciaMu MaTpull F' u G apasiorea Ay = Ay = 9, A3 = —9.
Teneps nam Hago Haiitu 6asuc fi, fy, f3, obramaromnuit ciaemyromuMI CBORCTBAMI.

1. Bepuo pasencrso (F — \;G)f; =0,

2. Bekropn fi, fy, f3, obpasyior oproHOpMUpOBaHHBIN 0A3MC OTHOCUTEIBHO CKAJISIPHOI'O ITPOU3-
BEJICHUS, 38J]AHHOINO CUMMeTpUYIecKoit MaTpurieil G.

IIpu sToMm ecim \; # A;, T0 3aBenomo pemenns f; u f; ypasuennit (F — \G)f; =0 u (F—\,G)f; =0
OPTOTOHAJIBHBL JAPYT JIPYTY OTHOCHTEJHHO CKAJISIPHOTO IIPOU3BEICHNUS, 3a/IaHHOI0 CHMMETPUICCKOMN
MaTpuieit G.

Pacemorpum Jyist Hauasa cobersennoe 3uadenne A3 = —9 kparsoctu 1. Ecsm Bekrop f3 mmeer
KOOPJIMHATHI (X1, Te, T3), TO UMEET MECTO COOTHOIIIEHHE

sl
(F - /\3G) T2 =0.
x3
Tak Kak A3 = —9, TO 9TO COOTHOIIIEHUE TPUHUMAET BHU]T
17 8 16 T
8§ 8 16 zo | =0.
16 16 32 T3

Ob61iee perrieHue 9TON CUCTEMbBI JIMHEHHBIX ypaBHeHuil mmeer Bun (0, —2x3, x3). YcaoBue TOro, 4ro
9TOT BEKTOP UMeET JJTUHY 1 OTHOCUTETHHO CKAJIIPHOTO TPOU3BE/IEHNS, 33/ TAHHOTO CIMMETPIIECKOH
MaTpuiieit GG, numeer BuU/I

1 01 0
(0 —2z3 23 ) 0 4 0 —2x3 | = 1.
1 0 2 T3
[Tpeobpazys, moayuaem
1823 = 1,

_ 41 _ 1
OTKyJa T3 = £3 NoE Bribpas, nanpumep, r3 = 5v3 Hosydaem
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Cay4gait coOCTBEHHBIX YnCET A\ = Ay = 9 KpaTHOCTH 2 60JIee cyiokeH. Mbl nmeem

-1 8 =2
F —-9G = 8§ —64 16
-2 16 -4

Bcee CTPOKHU IIPOIIOPHMOHAJIBHDBI, IIO3TOMY KOOPpAWHATBI BEKTOPOB fl n fg YAOBJIETBOPAIOT yPaBHEHUIO
-1 + 8I2 - 21’3 = 0. (55)
Bb16epeM JIr060e penieHue 3Toro ypaBHEHHA, HallpUMED (—2, 07 1) KB&,ILpaT JJIMHBI 9TOI'O BEKTOpPa

OTHOCUTEJIbHO CKaJISAAPDHOI'O ITPOU3BEJICHN A, 3a1aHHOI'O CI/IMMeTpI/I‘{eCKOﬁ ManHHefI G, nMeeT BU/I

1
(=2 01)[0 =2.
1

O = O
N O =
o

Yro6bl HOIYIATH BEKTOP JUIHHBL 1, pasaesuM Ha /2 U IOJTy<dnM

1
= (_m, _) |
V2
Koopmunarer BekTopa fy JIO/IKHBI YAOBIETBOPATH YPaBHEHHUIO (5.5), HO TaKXKe U yCJIOBUIO OPTOI'O-

HAJILHOCTH BEKTOPY f] OTHOCHTEILHO CKAJISIPHOTO MPOU3BEJEHUS, 33/ IAaHHON0 CUMMETPUYECKO MaT-
purieit G, a 3T0 JuHEiiHOE ypaBHEHUE

1 01 T
(—ﬂ@%) 0 4 0 2 | =0,
10 2 s
TO €CTb
2
V20 (5.6)

2

B pesysibrare Mbl nMeeM cucreMy JIMHERHBIX ypaueruit (5.5) u (5.6). Obimee pernenne 3T0ii crucTeMbl
mmveer Buj (0, }1333,[E3). YcsioBHE TOro, 9TO 9TOT BEKTOP UMeeT JIJINHY 1 OTHOCUTEILHO CKAJIAPHOIO
[IPOU3BEJICHUS, 38/]AHHOI0 CUMMEeTpUIecKoit marpurieii G, mMeeT BUJT

0
1
L
€3

I
=

1 01
(Olflfg {L'g) 0 40
1 0 2

[IpeobpazoBas, norydaem ypaBHEHUE

9
ng = ].,
2
3

Otkyna x3 = :i:%. Brwibupas, namnpumep, rs =

12
fo=10,-=,-]).
2 <7673)

ToJTy 9aeM
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Matpumna C nepexona k 6azucy fi, fy, f3 cocrout n3 KoopAuHAT STUX BEKTOPOB, 3aIIUCAHHBIX 110
CTOIOIAM:

-2 0 0

1 2

1 2 1

V2 3 3v2

MoxKHO HEIoCpPeJICTBEHHO ITPOBEPUTH, YTO

90 0 100
C'Trc=(09 0], Cc'cc=|1010
00 —9 001

Bamnucarnb 3aMeHny KOOp/JHWHAT B TepMHHaX X; U HOBbBIX KOODJAWHAT .i'l TO2KE IIPOCTO:

T X
T = C i‘g 5
T3 T3

TO €eCTb

T, = _\/§i.17

1. 2
Ty = =Ty — —=1Ts3,
2= 5 3\/53
1 2 1

T3 — —571 + —5%2 + _Li'g.
V2 3 3v2
HeHOCpe,Z[CTBeHHbIM BbIYMCJIECHUEM MOXXKHO y6e,ZLI/ITbCH, 9TO

f =932+ 93 — 933, ¢ =i+ i3+ Q2.
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Tenzopnl

6.1 IIpeobpa3zoBanme KOMIIOHEHT Te€H30pa Npu 3aMeHe OGa3uca

6.2 Omnepanuu Haja TeH30paAMM
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